THE INITIAL VALUE PROBLEM

FOR SOME FRACTIONAL DIFFERENTIAL EQUATIONS

WITH THE CAPUTO DERIVATIVES^∗

Yuri Luchko^1, Rudolf Gorenflo^2

Abstract

In the present paper, we first develop the operational calculus of Mikusiński’s type for the Caputo fractional differential operator. This calculus is used to obtain exact solutions of an initial value problem for linear fractional differential equations with constant coefficients and fractional derivatives in Caputo’s sense. The initial conditions are given in terms of the field variable and its derivatives of integer order. The obtained solutions are expressed through the Mittag-Leffler type functions. Special cases and integral representations of solutions are presented.

Mathematics Subject Classification: primary 45J05, secondary 44A40, 26A33, 33E30

Key words and Phrases: fractional differential equations, operational calculus, Caputo fractional derivative, Mittag-Leffler type functions

1. Introduction

Fractional differential equations have excited in recent years a considerable interest both in mathematics and in applications. They were used in modeling of many physical and chemical processes and in engineering (see, for example, [1] – [5], [9], [10], [16], [17]). In its turn, mathematical aspects of fractional differential equations and methods of their solution were discussed by many authors: iteration

∗ Partially supported by the Research Commission of Free University of Berlin (Project ”Convolutions”) method in [24], series method in [1], Fourier transform technique in [3], [12], special methods for fractional differential equations of the rational order or for equations of special type in [2], [13], [15], [18], [19], [21], Laplace transform technique in [9], [10], [16], [17], [21], [22], operational calculus method in [11], [15]. Let us note that in mathematical treatises on fractional differential equations the Riemann- Liouville approach to the notion of the fractional derivative of order μ (μ ≥ 0) is normally used:

(D^μf)(x) := ( d dx )_η (J^{η−μ}f)(x), x > 0, η = { [μ] + 1, μ ∉ N, μ, μ ∈ N ∪ {0}, (1) where (J^μf)(x) := 1 Γ(μ) ∫_x 0 (x − t)^{μ−1}f(t)dt, μ > 0, x > 0, (2) (J^0f)(x) := f(x), x > 0

is the Riemann-Liouville fractional integral of order μ. In this interpretation, the fractional derivative is left-inverse (and not right-inverse) to the corresponding fractional integral, which is the natural generalization of the Cauchy formula for the n-fold primitive of a function f(t). As to the initial value problem for fractional differential equations with the fractional derivatives in the Riemann- Liouville sense, there are some troubles with the initial conditions, see [11], [15], [21], [22], [23]. Namely, these initial conditions should be given as the (bounded) initial values of the fractional integral J^{η−μ} and of its integer derivatives of order k = 1, 2, . . ., η − 1. On the other hand, in modeling of real processes the initial conditions are normally expressed in terms of a given number of bounded values assumed by the field variable and its derivatives of integer order. In order to meet this physical requirement, an alternative definition of fractional derivative was introduced by Caputo [4] and adopted by Caputo and Mainardi [5] in the framework of the theory of Linear Viscoelasticity:

(D^μ_∗ f)(x) := (J^{m−μ} f^{(m)})(x) = 1 Γ(m − μ) ∫_x 0 (x − t)^{m−μ−1}f^{(m)}(t)dt, (3) m − 1 < μ ≤ m, m ∈ N, x > 0. In a series of papers (see [9], [16], [17] and the references there) the Caputo fractional derivative was considered and some of the simplest linear fractional differential equations with constant coefficients and fractional derivatives in the Caputo sense were solved by using the Laplace transform technique.

In the present paper we use the operational calculus method to solve an initial value problem for a general linear fractional differential equation with constant coefficients and with the Caputo fractional derivatives. We first develop a modification of the Mikusiński operational calculus for the Caputo fractional derivative, a modification that is more suitable for application to the solution of differential and integral equations of fractional order. Firstly, we consider the space C_α of functions which can have an integrable singularity in the neighborhood of zero, instead of the space C[0, ∞) of functions continuous on the half-axis used in Mikusiński’s operational calculus. Since the kernel of the Riemann-Liouville integral operator J^μ belongs to the space C_α if μ − 1 > α and α ≥ −1, this function space seems to be more suitable for the development of the operational calculus for the Caputo derivative. Secondly, the abovementioned property allows us to consider the Riemann-Liouville integral operator J^μ as the convolution product with the power function x^{μ−1}/Γ(μ) in the space C_α if μ − 1 > α, and this power function plays in our considerations the same role, as the function {1} in Mikusiński’s operational calculus. As an application of this calculus we obtain solutions of linear fractional differential equations with constant coefficients and Caputo derivatives.

2. Some properties of the Caputo fractional derivative

Since both the Riemann-Liouville and the Caputo derivatives ((1) and (3), respectively) are defined through the Riemann-Liouville fractional integral (2) and this operator plays a very important role in the development of the corresponding operational calculus, there are some coinciding elements in the operational calculi for both fractional derivatives. The operational calculus for the Riemann-Liouville fractional derivative was already developed in [8], [11], [15] and we shall cite some theorems from there without proofs.

We begin by defining the function space C_α, α ∈ R, which was introduced for the first time by Dimovski in his development of the operational calculus for the hyper-Bessel differential operator.

Definition 2.1. A real or complex-valued function f(x), x > 0, is said to be in the space C_α, α ∈ R, if there exists a real number p, p > α, such that

f(x) = x^pf_1(x)

with a function f_1(x) in C[0, ∞).

Clearly, C_α is a vector space and the set of spaces C_α is ordered by inclusion according to C_α ⊂ C_β ⇔ α ≥ β. (4) Theorem 2.1. The Riemann-Liouville fractional integral operator J^μ, μ ≥ 0, is a linear map of the space C_α, α ≥ −1, into itself, that is,

J^μ : C_α → C_{μ+α} ⊂ C_α.

Remark 2.1. In the case f ∈ C_α for a value α ≥ −1 and for μ ≥ 1 we have J^μf ∈ C_0 ⊂ C[0, ∞).

It is important to note, that the operator J^μ, μ > 0 has the following convolutional representation in the space C_α, α ≥ −1:

(J^μf)(x) = (h_μ ∘ f)(x), h_μ(x) := x^{μ−1}/Γ(μ), f ∈ C_α, (5)

where (g ∘ f)(x) = ∫_x 0 g(x − t)f(t)dt, x > 0 is the Laplace convolution. For the Laplace convolution itself the inclusion

g ∘ f ∈ C_{α1+α2+1} ⊆ C_{−1}, f ∈ C_{α1}, g ∈ C_{α2}, α_1, α_2 ≥ −1 (6)

holds true. Representation (5) and the commutativity of the Laplace convolution (see [6], [20]) lead to the following property of the Riemann-Liouville fractional integral: (J^δJ^ηf)(x) = (J^ηJ^δ f)(x), f ∈ C_α, α ≥ −1, δ ≥ 0, η ≥ 0. Next, using the associativity of the Laplace convolution and the Euler integral of the first kind for the evaluation of (h_δ ∘ h_η)(x), we obtain (J^δJ^η f)(x) = (J^{δ+η} f)(x), f ∈ C_α, α ≥ −1, δ ≥ 0, η ≥ 0, (7) that is also well known. In particular, it follows from (7) that (J^μ . . . J^μ n f)(x) = (J^{nμ}f)(x), f ∈ C_α, α ≥ −1, μ ≥ 0, n ∈ N. (8) It is obvious, that the Caputo derivative (3) is not defined on the whole space C_α. Let us introduce a subspace of C_α, which is suitable for dealing with the Caputo derivative.

Definition 2.2. A function f(x), x > 0 is said to be in the space

C^m_α , m ∈ N_0 = N ∪ {0}, iff f^{(m)} ∈ C_α.

Remark 2.2. The space C^m_α doesn’t coincide with the space C^{(m)}_α = {f : there exist p > α, f̃ ∈ C^m[0, ∞) such that f(x) = x^pf̃(x)}, considered in [14]. For example, if f(x) = cos(x)/ √ x, x > 0, then f ∈ C^{(1)}_{−1} , f ∉ C^1_{−1} and for the function f(x) ≡ 1, x > 0 we have f ∉ C^{(1)}_0 , f ∈ C^1_0 .

We state five of the properties of the space C^m_α , which will be used in the further discussions.

1) C^m_α is a vector space. 2) C^0_α ≡ C_α.

3) If f ∈ C^m_α for a value α ≥ −1 and an index m ≥ 1, then f^{(k)}(0+) := lim_{x→0+} f^{(k)}(x) < +∞, 0 ≤ k ≤ m − 1 and the function

f̃ (x) = { f(x), x > 0, f(0+), x = 0

is in C^{m−1}[0, ∞).

P r o o f. f ∈ C^m_α means f^{(m)} := ϕ ∈ C_α. Let us fix x = X > 0. Since f^{(m)} = ϕ ∈ C[ξ, X], 0 < ξ < X, we arrive at ∫_X ξ f^{(m)}(t) dt = f^{(m−1)}(X) − f^{(m−1)}(ξ),

where the left- and right-hand sides as functions of ξ are continuous on (0, X]. Furthermore, since

lim_{ξ→0+} ∫_X ξ f^{(m)}(t) dt = ∫_X 0 ϕ(t) dt < +∞, we get

f^{(m−1)}(0+) := lim_{ξ→0+} f^{(m−1)}(ξ) = f^{(m−1)}(X) − ∫_X 0 ϕ(t) dt < +∞, hence f^{(m−1)}(X) = ∫_X 0 ϕ(t) dt + f^{(m−1)}(0+).

By liberating x = X and putting f^{(m−1)}(0) := f^{(m−1)}(0+) we recognize f^{(m−1)} as continuous on [0, ∞) and obtain the representation

f(x) = (J^mϕ)(x) + m−1∑ k=0 f^{(k)}(0+) x^k k! , x ≥ 0, (9)

ϕ(t) = f^{(m)}(t), f^{(k)}(0+) = lim_{x→0+} f^{(k)}(x) < +∞, 0 ≤ k ≤ m − 1.

4) If f ∈ C^m_α for a value α ≥ −1, then f ∈ C^m(0, ∞) ∩ C^{m−1}[0, ∞). Indeed, since f^{(m)} ∈ C_α, we have f^{(m)} ∈ C(0, ∞). The inclusion f ∈ C^{(m−1)}[0, ∞) follows from property 3).

5) For real α ≥ −1 and index m ≥ 1 the following equivalence holds:

f ∈ C^m_α ⇔ f(x) = (J^mϕ)(x) + m−1∑ k=0 c_k x^k k! , x ≥ 0, ϕ ∈ C_α. The first statement (⇒) is already proved (see (9)), the second one (⇐) is checked directly. Let us note that in this case we have f^{(k)}(0) = c_k, k = 0, 1, . . ., m − 1, f^{(m)} = ϕ. On the basis of the properties 1)-5) of the functional space C^m_α we prove now some theorems, important for the development of the corresponding operational calculus.

Theorem 2.2. Let f ∈ C^m_{−1}, m ∈ N_0. Then the Caputo fractional derivative D^μ_∗ f, 0 ≤ μ ≤ m is well defined and the inclusion D^μ_∗ f ∈ { C_{−1}, m − 1 < μ ≤ m, C^{k−1}[0, ∞) ⊂ C_{−1}, m − k − 1 < μ ≤ m − k, k = 1, . . ., m − 1 holds true.

P r o o f. In the case m − 1 < μ ≤ m the inclusion under consideration follows from the definition of the Caputo derivative D^μ_∗ and Theorem 2.1. The property 4) of the space C^m_α , m ≥ 1 and the corresponding mapping properties of the Riemann-Liouville fractional integral (see [24]) give us the inclusion D^μ_∗ f ∈ C^{k−1}[0, ∞) for m − k − 1 < μ ≤ m − k, k = 1, . . ., m − 1. The inclusion C^{k−1}[0, ∞) ⊂ C[0, ∞) ⊂ C_{−1} follows from (4).

Theorem 2.3. Let f ∈ C^m_{−1}, m ∈ N and m−1 < μ ≤ m. Then the Riemann- Liouville and the Caputo fractional derivatives are connected by the relation:

(D^μf)(x) = (D^μ_∗ f)(x) + m−1∑ k=0 f^{(k)}(0+) Γ(1 + k − μ) x^{k−μ}, x > 0. (10) Making use of the representation (9), we get

(D^μf)(x) = ( d dx )_m (J^{m−μ}f)(x)

= ( d dx )_m ( J^{m−μ} [ (J^mf^{(m)})(t) + m−1∑ k=0 f^{(k)}(0+) t^k k! ]) (x)

= (J^{m−μ}f^{(m)})(x) + ( d dx )_m ( J^{m−μ} [_{m−1} ∑ k=0 f^{(k)}(0+) t^k k! ]) (x)

= (D^μ_∗ f)(x) + m−1∑ k=0 f^{(k)}(0+) Γ(1 + k − μ) x^{k−μ}, x > 0. In finding the last expression we have made use of the rules for fractional integration and differentiation of power function p_ν (x) = x^ν , ν > −1, namely,

(J^μp_ν )(x) =

Γ(ν + 1) Γ(ν + 1 + μ) x^{ν+μ}, μ ≥ 0, x > 0, (11)

(D^μp_ν )(x) =

Γ(ν + 1) Γ(ν + 1 − μ) x^{ν−μ}, μ ≥ 0, x > 0. (12)

Corollary 2.1. It follows from the representation (10) that the Riemann- Liouville fractional derivative (D^μf)(x) is not, in the general case, in the space C_{−1}, if f ∈ C^m_{−1}. There are only three exceptional cases:

1) If μ = m ∈ N, then D^μf ≡ D^μ_∗ f ≡ f^{(m)} ∈ C_{−1}. 2) If f^{(k)}(0+) = 0, k = 0, . . ., m − 1, then D^μf ≡ D^μ_∗ f ∈ C_{−1}. 3) If 0 < μ < 1, then D^μf ∈ C_{−1} because of

(D^μf)(x) = (D^μ_∗ f)(x) + f(0) Γ(1 − μ) x^{−μ}.

Theorem 2.4. Let m − 1 < μ ≤ m, m ∈ N, α ≥ −1 and f ∈ C^m_α . Then

(J^μD^μ_∗ f)(x) = f(x) − m−1∑ k=0 f^{(k)}(0+) x^k k! , x ≥ 0. (13)

P r o o f. Using the relations (3), (7), and (9) we get

(J^μD^μ_∗ f)(x) = (J^μJ^{m−μ} f^{(m)})(x) = (J^mf^{(m)})(x) = f(x) − m−1∑ k=0 f^{(k)}(0+) x^k k! , x ≥ 0.

Theorem 2.5. Let f ∈ C^m_{−1}, m ∈ N_0, f(0) = . . . = f^{(m−1)}(0) = 0 and g ∈ C^1_{−1}. Then the Laplace convolution h(x) = ∫_x 0 f(t)g(x − t) dt is in the space C^{m+1}_{−1} and h(0) = . . . = h^{(m)}(0) = 0.

P r o o f. Let m = 0. The property 4) of the space C^1_{−1} gives us the inclusion g ∈ C[0, ∞). In this case h(x) = x^ϵh_1(x) for an ϵ > 0, h_1 ∈ C[0, ∞), i.e., h ∈ C[0, ∞) and h(0) = 0. We have also

h^′(x) = ∫_x 0 f(t)g^′(x − t) dt + f(x)g(0), x > 0. Since g^′ ∈ C_{−1}, f ∈ C_{−1} it follows from the inclusion (6) that ∫_x 0 f(t)g^′(x − t) dt ∈ C_{−1} and, consequently, h^′ ∈ C_{−1}, that proves our theorem in the case m = 0. For m = 1, it follows from the property 4) of the space C^1_{−1}, that f ∈ C[0, ∞). Using the condition f(0) = 0 and the obtained above representation for h^′ we arrive at h^′(0) = 0 and h^{′′}(x) = ∫_x 0 f^′(x − t)g^′(t) dt + f^′(x)g(0), x > 0. Since g^′ ∈ C_{−1}, f^′ ∈ C_{−1}, we get the inclusion h^{′′} ∈ C_{−1}. Repeating the same arguments m-times, we arrive at h(0) = . . . = h^{(m)}(0) = 0 and the representation

h^{(m+1)}(x) = ∫_x 0 f^{(m)}(x − t)g^′(t) dt + f^{(m)}(x)g(0), x > 0,

which gives us the inclusion h ∈ C^{m+1}_{−1} .

3. Operational calculus for the Caputo fractional derivative

For the sake of simplicity we shall consider in our further discussions the case of the space C_{−1}, which turns out to be most interesting one for applications. As in the case of Mikusiński’s calculus, we have

Theorem 3.1. The space C_{−1} with the operations of the Laplace convolution ∘ and ordinary addition becomes a commutative ring (C_{−1}, ∘, +) without divisors of zero.

This ring can be extended to the quotient field M by following the lines of Mikusiński [20]: M := C_{−1} × (C_{−1} \ {0})/ ∼, where the equivalence relation (∼) is defined, as usual, by

(f, g) ∼ (f_1, g_1) ⇔ (f ∘ g_1)(x) = (g ∘ f_1)(x).

Thus, we can consider the elements of the field M as convolution quotients f/g and define the operations in M as follows: f g + f_1 g_1 := f ∘ g_1 + g ∘ f_1 g ∘ g_1 and f g · f_1 g_1 := f ∘ f_1 g ∘ g_1 . The proof of the fact that the set M is a commutative field with respect to operations ”+” and ”·” is based on Theorem 3.1.

It is easily seen that the ring C_{−1} can be embedded in the field M by the map (μ > 0): f → h_μ ∘ f h_μ , with, by (5), h_μ(x) = x^{μ−1}/Γ(μ).

Defining the operation of multiplication with a scalar λ from the field R (or C) by the relation λ f g := λf g , f g ∈ M and remembering the fact, that the set C_{−1} is a vector space, we check that the set M is a vector space too. Since the constant function f(x) ≡ λ, x > 0 is in the space C_{−1}, we should distinguish the operation of multiplication with a scalar in the vector space M and the operation of multiplication with a constant function in the field M. In this last case we shall write {λ} · f g = λh_{μ+1} h_μ · f g = {1} · λf g . (14)

It is easy to check that the element I =^{hμ}_{hμ} of the field M is the unity of this field with respect to the operation of multiplication. Let us prove that this element of the field M is not reduced to a function lying in the ring C_{−1} and, consequently, it can be regarded as a generalized function. Indeed, let the unity I =^{hμ}_{hμ} be reduced to some function f ∈ C_{−1}. Then we have h_μ h_μ ∼ f ∘ h_μ h_μ ⇔ h_μ ∘ h_μ = (f ∘ h_μ) ∘ h_μ. (15)

Making use of the representations (5) and (8) we rewrite the last relation in the form: x^{2μ−1} Γ(2μ)

= (J^{2μ}f)(x), (16)

where (J^{2μ}f)(x) is the Riemann-Liouville fractional integral (2). It is well known (see [15] for the case of the space C_{−1}), that the Riemann-Liouville fractional derivative (1) is left-inverse to the Riemann-Liouville fractional integral. Applying the operator D^{2μ} to the equality (16) and using the formula (12) for evaluation of the right-hand side, we obtain 0 ≡ f(x), x > 0. (17) Relations (16) and (17) lead to the contradictory formula x^{2μ−1} Γ(2μ) ≡ 0, x > 0, which shows, that the relation (15) is contradictory for any f ∈ C_{−1} and, consequently, the unity element I of the field M is not reduced to function in the ring C_{−1}. Later we shall consider some other elements of the field M possessing this property, in particular, the element which will play an important role in the applications of operational calculus and is given by

Definition 3.1. The algebraic inverse of the Riemann-Liouville fractional integral operator J^μ is said to be the element S_μ of the field M, which is reciprocal to the element h_μ in the field M, that is,

S_μ = I h_μ ≡ h_μ h_μ ∘ h_μ ≡ h_μ h_{2μ} , (18)

where (and in what follows) I =^{hμ}_{hμ} denotes the identity element of the field M with respect to the operation of multiplication.

As we have already seen, the Riemann-Liouville fractional integral J^μ can be represented as a multiplication (convolution) in the ring C_{−1} (with the function h_μ, see (5)). Since the ring C_{−1} is embedded into the field M of convolution quotients, this fact can be rewritten as follows:

(J^μf)(x) = I S_μ · f. (19) As to the Caputo fractional derivative, there exists no convolution representation in the ring C_{−1} for it, but it is reduced to the operator of multiplication in the field M.

Theorem 3.2. Let f ∈ C^m_{−1}, m − 1 < μ ≤ m, m ∈ N. Then the following relation holds true in the field M of convolution quotients:

D^μ_∗ f = S_μ · f − S_μ · f_μ, f_μ(x) := m−1∑ k=0 f^{(k)}(0+) x^k k! . (20)

P r o o f. Theorem 2.4 gives us the representation

(J^μD^μ_∗ f)(x) = f(x) − f_μ(x), f_μ(x) = m−1∑ k=0 f^{(k)}(0+) x^k k! , x ≥ 0.

Upon multiplying both sides of this relation by S_μ, if we apply the relation (19), we shall obtain the assertion (20).

We already know (see (8)), that for μ > 0, n ∈ N h^n_μ(x) := h_μ ∘ . . . ∘ h_μ n = h_{nμ}(x).

Let us extend this relation to an arbitrary positive real power exponent: h^λ_μ(x) := h_{λμ}(x), λ > 0. (21) We have for any λ > 0 the inclusion h^λ_μ ∈ C_{−1}, and the following relations can be easily checked (α > 0, β > 0):

h^α_μ ∘ h^β_μ = h_{αμ} ∘ h_{βμ} = h_{(α+β)μ} = h^{α+β}_μ , (22) h^α_{μ1} = h^β_{μ2} , ⇔ μ_1α = μ_2β. (23) Then we define a power function of the element S_μ with an arbitrary real power exponent λ:

S^λ_μ = h^{−λ}_μ , λ < 0, I, λ = 0, I hλμ , λ > 0. (24)

Using this definition and the relations (22) and (23), we get (α, β ∈ R): S^α_μ · S^β_μ = S^{α+β}_μ , (25) S^α_{μ1} = S^β_{μ2} , ⇔ μ_1α = μ_2β. (26) For many applications it is important to know the functions of S_μ in M which can be represented by means of the elements of the ring C_{−1}. One useful class of such functions is given by the following theorem.

Theorem 3.3. Let the power series ∞∑ i1,...,in=0 a_{i1,...,in} x^{i1}_1 × · · · × x^{in}_n , x = (x_1, . . ., x_n) ∈ R^n, a_{i1,...,in} ∈ R be convergent at a point x_0 = (x_{10}, . . ., x_{n0}) with all x_{k0} ≠ 0, k = 1, . . ., n, and β > 0, α_i > 0, i = 1, . . ., n. Then the function of S_μ S^{−β}_μ ∞∑ i1,...,in=0 a_{i1,...,in} (S^{−α1}_μ )^{i1} ×· · ·×(S^{−αn}_μ )^{in} = ∞∑ i1,...,in=0 a_{i1,...,in} h_{(β+α1i1+···+αnin)μ}(x), where h_μ(x) is given by (5), defines an element of the ring C_{−1}.

For the proof of this theorem we refer to [11]. We give here some operational relations, which will be used in the further discussions. For more operational relations we refer to [8], [11], and [15]. I S_μ − ρ = x^{μ−1}E_{μ,μ}(ρx^μ), (27) where E_{α,β}(z) is the generalized Mittag-Leffler function defined by E_{α,β}(z) := ∞∑ k=0 z^k Γ(αk + β) , α, β > 0, |z| < ∞, as can formally be obtained as a geometric series: I S_μ − ρ = I I hμ − ρ = h_μ I − ρh_μ = ∞∑ k=0 ρ^kh^{k+1}_μ

= ∞∑ k=0 ρ^kx^{(k+1)μ−1} Γ(μk + μ) = x^{μ−1}E_{μ,μ}(ρx^μ). The m-fold convolution of the right-hand side of the relation (27) gives us the operational relation: I (S_μ − ρ)^m = x^{μm−1}E^m_{μ,mμ}(ρx^μ), m ∈ N, (28) where E^m_{α,β}(z) := ∞∑ i=0 (m)_iz^i i!Γ(αi + β) , α, β > 0, |z| < ∞, (m)_i = i−1∏ k=0 (m + k). Let β > 0, α_i > 0, i = 1, . . ., n. We then have the operational relation S^{−β}_μ I − ∑_n i=1 λ_iS^{−αi}μ = x^{βμ−1}E_{(α1μ,...,αnμ),βμ}(λ_1x^{α1μ}, . . ., λ_nx^{αnμ}) (29) with the multivariate Mittag-Leffler function E_{(a1,...,an),b}(z_1, . . ., z_n) := ∞∑ k=0 ∑ l1+�+ln=k l1˘0,...,ln˘0 (k; l_1, . . ., l_n) ∏_n i=1 z^{li}_i Γ(b + ∑_n i=1 a_il_i)

and the multinomial coefficients

(k; l_1, . . ., l_n) := k! l_1! × · × l_n! . For the general properties of the Mittag-Leffler functions we refer to [7].

4. Applications involving fractional differential equations

We first apply the developed operational calculus to some simple fractional differential equations, which have been already considered by using the Laplace transform technique (see [9] and references there). We begin with the initial value problem (μ > 0) { (D^μ_∗ y)(x) − λy(x) = g(x), y^{(k)}(0) = c_k ∈ R, k = 0, . . ., m − 1, m − 1 < μ ≤ m, λ ∈ R. (30)

The function g is assumed to lie in C_{−1} if μ ∈ N, in C^1_{−1} if μ ∉ N, and the unknown function y(x) is to be determined in the space C^m_{−1}.

Making use of the relation (20), the initial value problem (30) can be reduced to the following algebraic equation in the convolution field M: S_μ · y − λy = S_μ · y_μ + g, y_μ(x) = m−1∑ k=0 c_k x^k k! , m − 1 < μ ≤ m, whose unique solution in the field M has the form:

y = y_g + y_h = I S_μ − λ · g + S_μ S_μ − λ · y_μ. It turns out that the right part of this relation can be interpreted as a function lying in the space C^m_{−1}, i.e., as a classical solution of the initial value problem (30). We shall prove this fact later for more general equations, here we shall only demonstrate formulas for this solution.

It follows from the operational relation (27) and the embedding of the ring C_{−1} into the field M, that the first term of this relation, y_g (solution of the inhomogeneous fractional differential equation (30) with zero initial conditions), is represented in the form

y_g(x) = ∫_x 0 t^{μ−1}E_{μ,μ}(λt^μ)g(x − t) dt. (31) As to the second term, y_h, it is a solution of the homogeneous fractional differential equation (30) (g(x) replaced by 0) with the given initial conditions and we have

y_h(x) = m−1∑ k=0 c_ku_k(x), u_k(x) = S_μ S_μ − λ · { x^k k! }. (32)

Making use of the relation x^k k! = h_{k+1}(x) = h^μ_{(k+1)/μ}(x) = I S^{(k+1)/μ} μ , (33) the formula (25), and the operational relation (29), we get the representation of the functions u_k(x), k = 0, . . ., m − 1 in terms of the generalized Mittag-Leffler function:

u_k (x) = S_μ S_μ − λ · { x^k k! } = S^{−(k+1)/μ} μ I − λS^{−1}μ = x^kE_{μ,k+1}(λx^μ). Furthermore, due to the representation (5) of the Riemann-Liouville fractional integral, we have

u_k(x) = (J^k u_0)(x), u_0(x) = E_{μ,1}(λx^μ) := E_μ(λx^μ),

where E_α(z) = ∑_∞ k=0 zk Γ(αk+1) is the Mittag-Leffler function. Using the last repre-

sentation we arrive at the relations u^{(l)}_k (0) = δ_{kl}, k, l = 0, . . ., m − 1, and therefore the m functions u_k (x), k = 0, . . ., m − 1 represent the general solution of the homogeneous fractional differential equation (30). Summarizing the obtained results, we get the solution of the initial value problem (30) in the form: y(x) = ∫_x 0 t^{μ−1}E_{μ,μ}(λt^μ)g(x − t) dt + m−1∑ k=0 c_kx^kE_{μ,k+1}(λx^μ), which can be rewritten in the case λ ≠ 0 in terms of the Mittag-Leffler function: y(x) = 1 λ ∫_x 0 d dt (E_μ(λt^μ)) g(x − t) dt + m−1∑ k=0 c_k(J^k E_μ(λt^μ))(x).

The next equation { y^′(x) − λ_1(D^μ_∗ y)(x) − λ_2y(x) = g(x), y(0) = c_0 ∈ R, 0 < μ < 1, λ_1, λ_2 ∈ R

(34)

with μ = 1/2 and λ_1 < 0, λ_2 < 0 corresponds to the Basset problem, a classical problem in fluid dynamics (see [9], [17]). We treat the general problem (34). The function g ∈ C_{−1} is given, and the unknown function y(x) is to be determined in the space C^1_{−1}.

With the help of the relation (20) the problem under consideration can be reduced to the algebraic equation in the field M:

S_1 · y − λ_1S_μ · y − λ_2y = g + S_1 · y_1 − λ_1S_μ · y_μ, y_1(x) ≡ y_μ(x) ≡ c_0.

Applying the relation (26) we represent a unique solution of this equation in the field M in the form:

y = y_g + y_h = I S_1 − λ_1S^μ_1 − λ_2 · g + S_1 − λ_1S^μ_1 S_1 − λ_1S^μ_1 − λ_2

· y_1, y_1(x) ≡ c_0.

Using now the relations (25) and (29) we arrive at the representation I S_1 − λ_1S^μ_1 − λ_2 = S^{−1}_1 I − λ_1S^{−(1−μ)} 1 − λ_2S^{−1}_1

= E_{(1−μ,1),1}(λ_1x^{1−μ}, λ_2x)

with the multivariate Mittag-Leffler function. We also have, using the same technique and (14), (33), the relation

y_h(x) =

S_1 − λ_1S^μ_1 S_1 − λ_1S^μ_1 − λ_2 · {c_0} = [ I + λ_2 S_1 − λ_1S^μ_1 − λ_2 ] · c_0I S_1

= c_0 [ I S_1

+ λ_2

S^{−2}_1 I − λ_1S^{μ−1}_1 − λ_2S^{−1}_1 ] = c_0 [ 1 + λ_2xE_{(1−μ,1),2}(λ_1x^{1−μ}, λ_2x) ] . The unique solution of the initial value problem (34) has then the form y(x) = ∫_x 0 E_{(1−μ,1),1}(λ_1t^{1−μ}, λ_2t)g(x−t) dt + c_0 [ 1 + λ_2xE_{(1−μ,1),2}(λ_1x^{1−μ}, λ_2x) ] . The inclusion y ∈ C^1_{−1} will be shown in the next theorem for a more general situation.

We consider now the general linear differential equation with the constant coefficients and the Caputo derivatives.

Theorem 4.1. Let μ > μ_1 > . . . > μ_n ≥ 0, m_i − 1 < μ_i ≤ m_i, m_i ∈ N_0 = N ∪ {0}, λ_i ∈ R, i = 1, . . ., n. The initial value problem { (D^μ_∗ y)(x) − ∑_n i=1 λ_i(D^{μi}_∗ y)(x) = g(x), y^{(k)}(0) = c_k ∈ R, k = 0, . . ., m − 1, m − 1 < μ ≤ m, (35)

where the function g is assumed to lie in C_{−1} if μ ∈ N, in C^1_{−1} if μ ∉ N, and the unknown function y(x) is to be determined in the space C^m_{−1}, has a solution, unique in the space C^m_{−1}, of the form:

y(x) = y_g(x) + m−1∑ k=0 c_ku_k (x), x ≥ 0. (36)

Here y_g(x) = ∫_x 0 t^{μ−1}E_{(·),μ}(t)g(x − t)dt (37) is a solution of the problem (35) with zero initial conditions, and the system of functions

u_k(x) = x^k k! + n∑ i=lk+1 λ_ix^{k+μ−μi} E_{(·),k+1+μ−μi} (x), k = 0, . . ., m − 1 (38) fulfills the initial conditions u^{(l)}_k (0) = δ_{kl}, k, l = 0, . . ., m − 1. The function E_{(·),β}(x) = E_{(μ−μ1,...,μ−μn),β}(λ_1x^{μ−μ1} , . . ., λ_nx^{μ−μn} ) (39) is a particular case of the multivariate Mittag-Leffler function (29) and the natural numbers l_k, k = 0, . . ., m − 1 are determined from the condition { m_{lk} ≥ k + 1, m_{lk+1} ≤ k. (40)

In the case m_i ≤ k, i = 0, . . ., m − 1, we set l_k := 0, and if m_i ≥ k + 1, i = 0, . . ., m − 1, then l_k := n.

P r o o f. Since y ∈ C^m_{−1}, the initial value problem (35) can be reduced to the following algebraic equation in the field M by using the formula (20): S_μ · y − S_μ · y_μ − n∑ i=1 λ_i(S_{μi} · y − S_{μi} · y_{μi} ) = g, (41)

y_μ(x) = m−1∑ k=0 c_k x^k k! , y_{μi} (x) = mi−1∑

k=0 c_k x^k k! , i = 1, . . ., n. Equation (41) has a unique solution in the field M, which in view of the relation (26) is given by

y = y_g + y_h = I S_μ − ∑_n i=1 λ_iS^{μi/μ}μ · g + S_μ · y_μ − ∑_n i=1 λ_iS^{μi/μ}μ · y_{μi} S_μ − ∑_n i=1 λ_iS^{μi/μ}μ . (42)

Using the operational relation (29), Theorems 3.1 and 3.3, we can interpret the element y_g of the field M as the function in the ring C_{−1}:

y_g(x) = ∫_x 0 t^{μ−1}E_{(·),μ}(t)g(x − t)dt, where the function E_{(·),μ}(x) is given by (39). In the case μ ∉ N the function g(x) is in the space C^1_{−1} and Theorem 2.5 gives us the inclusion y_g ∈ C^1_{−1}. Let us show that the function y_g(x) is in the space C^m_{−1}. Multiplying the relation

y_g = I S_μ − ∑_n i=1 λ_iS^{μi/μ}μ · g

by (S_μ − ∑_n i=1 λ_iS^{μi/μ}μ ) and then by h_μ = S^{−1}_μ , we readily get

y_g(x) = (J^μg)(x) + n∑ i=1 λ_i(J^{μ−μi} y_g)(x). (43)

It follows from this representation, that

y_g (x) = (J^{μ−μ1} ψ_1)(x), ψ_1 ∈ { C_{−1}, μ ∈ N, C^1_{−1}, μ ∉ N. (44)

Combining now the relations (44) and (43) and repeating the same arguments p-times (p = [μ/(μ − μ_1)] + 1) we arrive at the representation

y_g (x) = (J^μψ_p)(x), ψ_p ∈ { C_{−1}, μ ∈ N, C^1_{−1}, μ ∉ N. (45)

In the case μ = m ∈ N it follows from (45) that y^{(m)}_g = ψ_p ∈ C_{−1} and y_g (0) = . . . = y^{(m−1)}g (0) = 0. If μ ∉ N, m − 1 < μ < m then the function h_μ(x) =^{xμ}_{Γ(μ)} ∈ C^{m−1}_{−1} and we have h_μ(0) = . . . = h^{(m−2)}μ (0) = 0. Using now the representation (45) and Theorem 2.5 we get the inclusion y_g ∈ C^m_{−1} and the relations y_g(0) = . . . = y^{(m−1)}g (0) = 0. The last considerations prove the part of Theorem 4.1 concerning the solution of the problem (35) with zero initial conditions.

Let us consider the element y_h of the representation (42). Using the expressions for the functions y_μ(x), y_{μi} (x), i = 1, . . ., n from (41), we have

y_h = m−1∑ k=0 c_ku_k(x), u_k = S_μ − ∑_{lk} i=1 λ_iS^{μi/μ}μ S_μ − ∑_n i=1 λ_iS^{μi/μ}μ · { x^k k! } , where the natural numbers l_k, k = 0, . . ., m − 1 are defined by (40). Applying the relation (33) for the function^{xk}_{k!} , some elementary transformations and then the operational relation (29), we find from the previous representation (k = 0, . . ., m − 1): u_k = I S^{(k+1)/μ} μ · S_μ − ∑_{lk} i=1 λ_iS^{μi/μ}_μ S_μ − ∑_n i=1 λ_iS^{μi/μ}_μ = I S^{(k+1)/μ} μ · I + ∑_n i=lk+1 λiS μi/μ μ S_μ − ∑_n i=1 λ_iS^{μi/μ}_μ = S^{−(k+1)/μ} μ + n∑ i=lk+1 λ_i S^{−(k+1+μ−μi)/μ} μ I − ∑_n i=1 λ_iS^{−(μ−μi)/μ} μ = x^k k! + n∑ i=lk+1 λ_ix^{k+μ−μi} E_{(·),k+1+μ−μi} (x), where the function E_{(·),β}(x) is given by (39). According to the definition of the numbers l_k, we have m_i ≤ k for i = l_k + 1, . . ., n. It follows then, that k + μ − μ_i ≥ μ, i = l_k + 1, . . ., n. Using this inequality, we readily get the inclusion u_k ∈ C^m_{−1}, k = 0, . . ., m − 1 and the relations u^{(l)}_k (0) = δ_{kl}, k, l = 0, . . ., m − 1, and therefore the m functions u_k (x), k = 0, . . ., m − 1 represent the general solution of the homogeneous fractional differential equation (35).

Remark 4.1. The results of Theorem 4.1 can be used in some cases for the initial value problem (35) with the Riemann-Liouville fractional derivatives instead of the Caputo fractional derivatives. In particular, as we have seen in Corollary 2.1, (D^μy)(x) ≡ (D^μ_∗ y)(x) if μ = m ∈ N or y^{(k)}(0) = 0, k = 0, . . ., m−1, m−1 < μ ≤ m. In the case 0 < μ < 1 we can use the relation

(D^μy)(x) = (D^μ_∗ y)(x) + y(0) Γ(1 − μ) x^{−μ} to reduce the initial value problem with the Riemann-Liouville fractional derivatives to the initial value problem of the type (35).

Remark 4.2. The developed theory can be rewritten without any difficulties for the case of the Caputo derivative of the complex order μ. In particular, Theorem 4.1 gives us then the solution of the initial value problem (35) for μ ∈ C (if ℜ(μ) = m ∈ N, then μ = m), ℜ(μ) > ℜ(μ_1) > . . . > ℜ(μ_n) ≥ 0 (if ℜ(μ_i) = m_i ∈ N_0, then μ_i = m_i), m_i − 1 < ℜ(μ_i) ≤ m_i, m_i ∈ N_0 = N ∪ {0}, μ_i, λ_i ∈ C, i = 1, . . ., n, y^{(k)}(0) = c_k ∈ C, k = 0, . . ., m − 1, m − 1 < μ ≤ m. The solution (36)-(38) of the initial value problem (35) was obtained in terms of the Mittag-Leffler type function E_{(·),β}(x), which is given by its series representation: E_{(·),β}(x) = ∞∑ k=0 ∑ l1+�+ln=k l1˘0,...,ln˘0 (k; l_1, . . ., l_n) ∏_n i=1(λ_ix^{μ−μi} )^{li} Γ(β + ∑_n i=1(μ − μ_i)l_i)

. (46)

Let us find an integral representation of this function. We shall use the Hankel integral representation of the Gamma-function 1 Γ(z) = 1 2πi ∫ Ha(0+) e^ζ ζ^{−z} dζ, z ∈ C, where Ha(ϵ+) is the Hankel path, a loop which starts from −∞ along the lower side of the negative real axis, encircles the circular disc |ζ| = ζ_0 > ϵ > 0 in the positive sense and ends at −∞ along the upper side of the negative real axis. Then we substitute this representation into (46) and we get E_{(·),β}(x) = ∞∑ k=0 ∑ l1+�+ln=k l1˘0,...,ln˘0 (k; l_1, . . ., l_n) n∏ i=1 (λ_ix^{μ−μi} )^{li}

× 1 2πi ∫ Ha(0+) e^ζ ζ^{−β−} ∑_n i=1(μ−μi)li dζ.

Changing the order of integration and summation, using the geometric progression formula to get a closed form for a sum in integrand and substituting ζ = sx, we finally get E_{(·),β}(x) = x^{1−β} 1 2πi ∫ Ha(λ+) e^{sx}s^{μ−β} ds s^μ − ∑_n i=1 λ_is^{μi} , λ = max 1, (_n ∑ i=1 |λ_i| )_{1/(μ−μ1)} . (47)

Corollary 4.1. Applying the representation (47) to the formulas (37) and (38), we rewrite the solution (36) of the initial value problem (35) in the form y(x) = ∫_x 0 u_δ(t)g(x − t) + m−1∑ k=0 c_ku_k(x), x ≥ 0, (48)

where u_δ(x) = 1 2πi ∫ Ha(λ+) e^{sx} ds s^μ − ∑_n i=1 λ_is^{μi} , (49)

u_k(x) = x^k k! + 1 2πi ∫ Ha(λ+) e^{sx} ∑_n i=lk+1 λis μi s^μ − ∑_n i=1 λ_is^{μi} ds s^{k+1} (50)

= 1 2πi ∫ Ha(λ+) e^{sx} [ s^μ − ∑_{lk} i=1 λ_is^{μi} ] s^μ − ∑_n i=1 λ_is^{μi} ds s^{k+1} , k = 0, . . ., m − 1. In particular, if μ_n = 0, λ_n ≠ 0, then l_0 = n − 1 and we have

u_0(x) = 1 2πi ∫ Ha(λ+) e^{sx} [ s^μ − ∑_{n−1} i=1 λ_is^{μi} ] s^μ − ∑_{n−1} i=1 λ_is^{μi} − λ_n ds s . In this situation we have the relation

u_δ(x) = 1 λ_n u^′_0(x).

If μ_n > 0, we get u_0(x) ≡ 1.

Remark 4.3. The initial value problem (35) for the three cases: 1) n = 1, μ_1 = 0, λ_1 = −1, 2) n = 2, μ = 1, λ_2 = −1, μ_2 = 0, and 3) n = 2, μ = 2, λ_2 = −1, μ_2 = 0 was considered in [9] by using the Laplace transform method. In this research and survey paper the form (48) - (50) of the solution was obtained and used, by evaluating the contribution of poles of the integrand by the residue theorem and transforming the Hankel path Ha(λ+) into the Ha(0+), to represent it as a sum of oscillatory and monotone parts. In addition, asymptotic expansions, plots and interesting particular cases are given there. General results concerning the methods of evaluation of the poles of integrand in the integral representations of the type (49), (50), asymptotic expansions of such representations as well as a lot of interesting particular cases can be found in the paper [12].

Finally, we consider some examples.

Example 1. Let the right part of the fractional differential equation (35) be a power function: g(x) = x^α Γ(α + 1) , α > −1, if μ ∈ N, α ≥ 0, if μ ∉ N. Since x^α Γ(α + 1)

= h_{α+1}(x) = h^μ_{(α+1)/μ}(x) = S^{−(α+1)/μ}_μ ,

we get by using (42), (25), (29), and (47) the following representations of the part y_g(x) of the solution (36):

y_g = I S_μ − ∑_n i=1 λ_iS^{μi/μ}μ · g = I S_μ − ∑_n i=1 λ_iS^{μi/μ}μ · I S^{(α+1)/μ} μ = S^{−(μ+α+1)/μ} μ I − ∑_n i=1 λ_iS^{−(μ−μi)/μ} μ = x^{μ+α}E_{(·),μ+α+1}(x)

= 1 2πi ∫ Ha(λ+) e^{sx}s^{−α−1} ds s^μ − ∑_n i=1 λ_is^{μi} . Example 2. We consider now the equation (35) with μ_i = (n − i)α, i = 1, . . ., n, μ = nα, q−1 < μ ≤ q, q ∈ N. Then the solution (36) can be represented in terms of the generalized Mittag-Leffler function E^m_{α,β}(x) (28). Indeed, using the relation (26) and representing the corresponding rational function as a sum of partial fractions, we get

y_g = I S_μ − ∑_n i=1 λ_iS^{μi/μ}_μ · g = I S^n_α − ∑_n i=1 λ_iS^{n−i}_α · g

= p∑ j=1 nj∑ m=1 c_{jm} (S_α − β_j )^m · g, n_1 + · · · + n_p = n. Operational relation (28) gives us the representation

y_g(x) = ∫_x 0 u_δ(t)g(x − t) dt, where u_δ(x) = p∑ j=1 nj∑ m=1 c_{jm}x^{αm−1}E^m_{α,mα}(β_jx^α).

We have also (k = 0, . . ., q − 1)

y_h(x) = q−1∑ k=0 c_ku_k(x), u_k = x^k k! + { x^k k! } · ∑_n i=lk+1 λiS n−i α S^n_α − ∑_n i=1 λ_iS^{n−i}α = x^k k! + (J^{k+1}v_k)(x),

v_k(x) = ∑_n i=lk+1 λiS n−i α S^n_α − ∑_n i=1 λ_iS^{n−i}_α = pk∑ j=1 njk∑ m=1 c_{jmk} (S_α − β_{jk} )^m = pk∑ j=1 njk∑ m=1 c_{jmk}x^{αm−1}E^m_{α,mα}(β_{jk}x^α), pk∑ j=1 n_{jk} = n. In the case α ∈ Q the generalized Mittag-Leffler function E^m_{α,mα}(x) can be represented in terms of the special functions of the hypergeometric type (see [9]).

References

[1] Yu. I. B a b e n k o, Heat and Mass Transfer. Leningrad, Chemia (1986).

[2] R. L. B a g l e y, On the fractional order initial value problem and its engineering applications. In: Fractional Calculus and Its Applications (Ed. K. Nishimoto). Tokyo, College of Engineering, Nihon University (1990), 12- 20. [3] H. B e y e r, S. K e m p f l e, Definition of physically consistent damping laws with fractional derivatives. ZAMM 75 (1995), 623-635.

[4] M. C a p u t o, Linear models of dissipation whose Q is almost frequency independent, Part II. Geophys. J. R. Astr. Soc. 13 (1967), 529-539.

[5] M. C a p u t o, F. M a i n a r d i, Linear models of dissipation in anelastic solids. Riv. Nuovo Cimento (Ser II) 1 (1971), 161-198.

[6] I. H. D i m o v s k i, Convolutional Calculus. Sofia, Bulgarian Academy of Sciences (1982).

[7] A. E r d e l y i, Higher Transcendental Functions, Vol. 3. New York, McGraw- Hill (1955).

[8] R. G o r e n f l o, Yu. L u c h k o, Operational method for solving generalized Abel integral equations of second kind. Integral Transforms and Special Functions 5 (1997), 47-58.

[9] R. G o r e n f l o, F. M a i n a r d i, Fractional calculus: integral and differential equations of fractional order. In: Fractals and Fractional Calculus in Continuum Mechanics (Eds. A. Carpinteri and F. Mainardi). Wien and New York, Springer Verlag (1997), 223-276.

[10] R. G o r e n f l o, R. R u t m a n, On ultraslow and intermediate processes.

In: Transform Methods and Special Functions (Eds. P.Rusev, I.Dimovski, V.Kiryakova). Singapore, Science Culture Technology Publishing (SCTP) (1995), 61-81.

[11] S. B. H a d i d, Yu. F. L u c h k o, An operational method for solving fractional differential equations of an arbitrary real order. Panamer. Math. J. 6 (1996), 57-73.

[12] S. K e m p f l e, H. B e y e r, Global and causal solutions of fractional differential equations. In: Transform Methods and Special Functions, Varna’96, Proc. 2nd Intern. Workshop, Singapore, Science Culture Technology Publishing (SCTP) (1997), 210-216.

[13] A. A. K i l b a s, M. S a i g o, On Mittag-Leffler type functions, fractional calculus operators and solution of integral equations. Integral Transforms and Special Functions 4 (1996), 355-370.

[14] V. K i r y a k o v a, Generalized Fractional Calculus and Applications, Pitman Research Notes in Math. 301. Harlow, Longman (1994).

[15] Yu. F. L u c h k o, H. M. S r i v a s t a v a, The exact solution of certain differential equations of fractional order by using operational calculus. Comput. Math. Appl. 29 (1995), 73-85.

[16] F. M a i n a r d i, Fractional relaxation and fractional diffusion equations, mathematical aspects. In: Proceedings of the 12-th IMACS World Congress (Ed. W.F. Ames). Georgia Tech Atlanta, Vol. 1 (1994), 329-332.

[17] F. M a i n a r d i, Fractional calculus: some basic problems in continuum and statistical mechanics. In: Fractals and Fractional Calculus in Continuum Mechanics (Eds. A. Carpinteri and F. Mainardi). Wien and New York, Springer Verlag (1997), 291-348.

[18] M. W. M i c h a l s k i, On a certain differential equation of non-integer order. Zeitschrift für Analysis und ihre Anwendungen 10 (1991), 205-210.

[19] M. W. M i c h a l s k i, Derivatives of Non-integer Order and Their Applications, Dissertationes Mathematicae, CCCXXVIII. Warszawa, Polska Akademia Nauk, Institut Matematyczny (1993).

[20] J. M i k u s i n s k i, Operational Calculus, International Series of Monographs on Pure and Applied Mathematics 8. New York, London, Paris, and Los Angeles, Pergamon Press (1959).

[21] K. S. M i l l e r, B. R o s s, An Introduction to the Fractional Calculus and Fractional Differential Equations. New York, Wiley (1993).

[22] I. P o d l u b n y, Solution of linear fractional differential equations with constant coefficients. In: Transform Methods and Special Functions (Eds. P.Rusev, I.Dimovski, V.Kiryakova). Singapore, Science Culture Technology Publishing (SCTP) (1995), 227-237.

[23] I. P o d l u b n y, A. M. A. E l - S a y e d, On two definitions of fractional derivatives. Preprint No UEF-03-96, Kosice, Slovak Academy of Sciences, Institute of Experimental Physics (1996).

[24] S. G. S a m k o, A. A. K i l b a s, O. I. M a r i c h e v, Fractional Integrals and Derivatives: Theory and Applications. New York and London, Gordon and Breach Science Publishers (1993).

1) Dept. of Mathematics and Computer Science Arnimallee 2–6 Free University of Berlin D-14195 Berlin – GERMANY e-mail: luchko@math.fu-berlin.de fax: +49-30-83875401

2) Dept. of Mathematics and Computer Science Arnimallee 2–6 Free University of Berlin D-14195 Berlin – GERMANY e-mail: gorenflo@math.fu-berlin.de fax: +49-30-83875401