UNIFORM RECONSTRUCTION OF GAUSSIAN PROCESSES

THOMAS MÜLLER-GRONBACH AND KLAUS RITTER

September 1995

Abstract. We consider a Gaussian process X with smoothness comparable to the Brownian motion. We analyze reconstructions of X which are based on observations at finitely many points. For each realization of X the error is defined in a weighted supremum norm; the overall error of a reconstruction is defined as the pth moment of this norm. We determine the rate of the minimal errors and provide different reconstruction methods which perform asymptotically optimal. In particular, we show that linear interpolation at the quantiles of a certain density is asymptotically optimal.

Keywords: Brownian motion, Sacks-Ylvisaker conditions, asymptotically optimal designs, reproducing kernel Hilbert space, regular sequence, uniform norm.

1. Introduction

We study the problem of reconstructing the path of a stochastic process on the basis of observations at finitely many sampling points. This problem is of practical interest, for instance, in the fields of computer experiments, see Sacks, Welch, Mitchell and Wynn (1989), and earth sciences, see Christakos (1992).

In this paper we consider a process X(t) = m(t) + Z(t), 0 ≤ t ≤ 1, where m denotes the continuous mean response function of X and Z is a centered Gaussian process with continuous paths. A reconstruction of X which is based on observations at T = {t_1, . . . , t_n} ⊂ [0, 1] is of the form ^X_T = ϕ(X(t_1), . . . , X(t_n)) where ϕ is a (measurable) mapping R^n → C([0, 1]). The set T is called a sampling design.

It is natural to compare a realization of the process X and a corresponding reconstruction ^X_T in some L_q-norm. In this paper we use the uniform norm and measure 1

the quality of ^X_T by

e_p( ^X_T ) = ( E ( sup_{0≤t≤1} w(t) |X(t) − ^X_T (t)| )p)1/p

where w is a positive and continuous weight function and 1 ≤ p < ∞.

For a fixed design T the optimal reconstruction ^X_T is given pointwise as the optimal estimator of X(t) from observations X(t_i). Basically it remains to study the design problem, i.e., the optimal choice of the sampling points t_i.

The Gaussian process X is completely specified by its mean m and its covariance kernel R, and the smoothness of m and R determine how well X may be reconstructed from n observations. Here we assume that R satisfies Sacks-Ylvisaker regularity conditions of order zero. The conditions imply c_1δ ≤ sup_{|t−s|<δ} E(Z(s) − Z(t))^2 ≤ c_2δ with positive constants c_i for the quadratic mean smoothness of the process Z.

For sequences of positive real numbers a_n and b_n we write

a_n ≈ b_n iff lim_{n→∞} a_n/b_n = 1.

We show that

inf_{|T |=n} inf ^X_T e_p( ^X_T ) ≈ (1 2 ∫_1 0 w^2(t) dt )_1/_2 (ln n n )_1/_2 . Here minimization is with respect to all reconstructions ^X_T which are based on any n-point design T . Furthermore, we show that quantiles of the squared weight w^2 define an asymptotically optimal sequence of designs.

Clearly the optimal reconstruction ^X_T depends on the particular mean m and covariance kernel R. We show, however, that linear interpolation based on the quantiles of w^2 is asymptotically optimal if m is Hölder continuous with exponent 1/2. Under stronger assumptions on m optimal reconstructions for the centered case m = 0 and best linear unbiased predictors perform asymptotically optimal as well.

Similar results have been obtained for the zero mean Brownian motion, see Ritter (1990), and, more generally, for linear and product type kernels, see Müller-Gronbach (1994). Our method of proof reduces the general case to the case of a weighted Brownian motion by applying a comparison theorem for Gaussian processes and results from Müller-Gronbach (1995b) concerning the covariance structure of the error process.

Su and Cambanis (1993) and Müller-Gronbach (1995a) study reconstruction with respect to the L_2-norm for essentially the same class of processes as considered here. In this case, too, the above reconstruction methods perform asymptotically optimal, however sampling points have to be quantiles of the weight w. The order of the minimal errors is 1/ √ n. See also Lee (1986) and Abt (1992) for the particular case of a zero mean Brownian motion or Brownian bridge and w = 1.

For reconstruction with respect to the maximum mean squared error similar results have been established by Müller-Gronbach (1995b). While the minimal errors are of order 1/ √ n as for L_2-reconstruction, the sampling points have to be chosen as for L_∞-reconstruction.

L_q-reconstruction with 1 ≤ q < ∞ for classes of processes with higher regularity is studied in Speckman (1979). In this case regularity of order r yields minimal errors of order 1/n^{r+1/2}. Furthermore, Wasilkowski (1992) has shown that √ ln n/n^{r+1/2} is the order of the minimal errors for L_∞-reconstruction of the r-fold integrated Brownian motion.

Much less is known in the multivariate case, i.e., for random fields X(t) where t ∈ [0, 1]^k and k > 1. Results on L_2-reconstruction are obtained in Micchelli and Wahba (1981), Woźniakowski (1992), Wasilkowski (1993), Ritter and Wasilkowski (1995), Ritter, Wasilkowski and Woźniakowski (1993, 1995), and Müller-Gronbach and Schwabe (1995).

In the following section we specify the assumptions on the covariance kernel R, introduce the above reconstruction methods and state the corresponding results on asymptotic optimality. The proofs are given in section 3.

Throughout the paper we will use certain standard facts about the reproducing kernel Hilbert space (H(R), (·, ·)_R) associated with the covariance kernel R. Recall that H(R) is the unique Hilbert space of real-valued functions on [0, 1] such that (i) R(t, ·) ∈ H(R) for each t ∈ [0, 1], (ii) (f, R(t, ·))_R = f(t) for each t ∈ [0, 1] and f ∈ H(R).

The mapping R(·, t) → Z(t) extends to an isomorphism between H(R) and the Hilbert space L_2(Z) which is spanned by the process Z. For further readings we refer to Aronszajn (1950), Parzen (1967) and Wahba (1990).

2. Results

Regularity in quadratic mean of the stochastic process Z is specified by the regularity of its covariance kernel at the diagonal in [0, 1]^2. We denote one-sided limits at the diagonal in the following way. Let

Ω_+ = {(s, t) ∈ ]0, 1[^2 : s > t}, Ω_− = {(s, t) ∈ ]0, 1[^2 : s < t},

and let cl A denote the closure of a set A. Suppose that L is a continuous function on Ω_+ ∪ Ω_− such that L|_{Ωj} is continuously extendable to cl Ω_j for j ∈ {+, −}. By L_j we denote the extension of L to [0, 1]^2 which is continuous on cl Ω_j and on [0, 1]^2 \ cl Ω_j .

The covariance kernel R satisfies the Sacks-Ylvisaker conditions of order zero if the following three conditions hold.

(A) R ∈ C([0, 1]^2), the partial derivatives of R up to order two are continuous on Ω_+ ∪ Ω_− and continuously extendable to cl Ω_+ as well as to cl Ω_−. (B) R^{(1,0)}_− (t, t) − R^{(1,0)}_+ (t, t) = 1, 0 ≤ t ≤ 1.

(C) R^{(2,0)}_+ (t, ·) ∈ H(R) for all 0 ≤ t ≤ 1 and

sup_{0≤t≤1} ‖R^{(2,0)}_+ (t, ·)‖_R < ∞.

Sacks and Ylvisaker (1966) have introduced these conditions to study estimation of weighted integrals of stochastic processes. A detailed discussion and various examples are given there. The conditions are satisfied in particular if R(s, t) is given by min(s, t), (1−|s−t|)/2, or exp(−|s−t|)/2. Similar conditions, also for kernels of higher regularity, are used by several authors, see, e.g., Sacks and Ylvisaker (1970), Su and Cambanis (1993), Müller-Gronbach (1995a, 1995b), Müller-Gronbach and Schwabe (1995), Ritter (1995), and Ritter et al. (1995).

Due to (A) the Gaussian process Z is continuous with probability one. If R fulfills (A) and corresponds to a stationary process then the difference in (B) is always a nonnegative constant. For arbitrary kernels which satisfy (A) and (C) this difference is constant, too. For convenience we assume that the constant equals one.

In the sequel we always assume that (A), (B), and (C) are satisfied. Consider a fixed design T = {t_1, . . . , t_n} and let opr_T denote the orthogonal projector onto the subspace of L_2(Z) which is spanned by Z(t_1), . . . , Z(t_n). The optimal reconstruction which uses the design T is given by ^X^∗_T (t) = m(t) + opr_T Z(t), 0 ≤ t ≤ 1, (1) i.e., e_p( ^X^∗_T ) = inf ^X_T e_p( ^X_T ). The optimality of ^X^∗_T holds for reconstruction with respect to the L_q-norm for any 1 ≤ q ≤ ∞. This follows from the fact that the conditional distribution of Z given Z(t_1), . . . , Z(t_n) is symmetric with respect to the conditional mean opr_T Z(·). See, e.g., Traub, Wasilkowski, and Woźniakowski (1988).

Note that (1) can be written in terms of the observations X(t_i). Assume that R_T = (R(t_i, t_j))_{1≤i,j≤n} is invertible, which involves no loss of generality. Then

^X^∗_T (t) = m(t) + a_T (t)^′ R^{−1}_T Z_T (2) where a_T (t) = (R(t, t_1), . . . , R(t, t_n))^′ and Z_T = (X(t_1) − m(t_1), . . . , X(t_n) − m(t_n))^′.

Let ψ be a positive and continuous function on [0, 1]. Define quantiles t_{i,n} ∈ [0, 1] for i = 1, . . . , n and n ≥ 2 by ∫ t_{i,n} 0 ψ(t) dt = i − 1 n − 1 ∫_1 0 ψ(t) dt.

The corresponding sequence of designs T_n = {t_{1,n}, . . . , t_{n,n}} is called the regular sequence generated by ψ and denoted by (T_n)_n = RS(ψ). Regular sequences are easy to describe and implement, and they are also well suited for an error analysis. It turns out that regular sequences already lead to asymptotically optimal designs.

Theorem 1. The minimal errors satisfy

inf_{|T |=n} inf ^X_T e_p( ^X_T ) ≈ (1 2 ∫_1 0 w^2(t) dt )_1/_2 (ln n n )_1/_2 . Furthermore, the regular sequence

(T_n)_n = RS(w^2)

is asymptotically optimal, i.e.,

e_p( ^X^∗_{Tn} ) ≈ inf_{|T |=n} inf ^X_T e_p( ^X_T ). Remark 1. Regular sequences are known to be asymptotically optimal for several other problems. A partial list of papers includes Sacks and Ylvisaker (1966, 1968, 1970), Eubank, Smith, and Smith (1982) and Ritter (1995) for estimation of weighted integrals and Speckman (1979), Su and Cambanis (1993), and Müller-Gronbach (1994, 1995a, 1995b) for reconstruction.

Clearly, a reconstruction ^X^∗_T can be calculated on the basis of observations X(t_i) only if the mean m and the covariance kernel R are known. Even in this case, the covariance matrix R_T has to be inverted, which may be a tedious task. Assume that

0 = t_1 < . . . < t_n = 1.

A very simple reconstruction which overcomes the above difficulties is given by the linear interpolator

^X^L_T (t) = t_{i+1} − t t_{i+1} − t_i X(t_i) + t − t_i t_{i+1} − t_i X(t_{i+1}), t_i ≤ t ≤ t_{i+1}. (3) If R^{(0,2)} = 0 outside the diagonal and m = 0, then linear interpolation is optimal. In particular this holds for the covariance kernel of a Brownian motion and a Brownian bridge and for the triangular covariance kernel R(s, t) = 1 −|t − s|. However, ^X^L_T = ^X^∗_T does not hold in general; take R(s, t) = exp(−|s − t|) as a counterexample.

Theorem 2. Assume that the mean m of X is Hölder continuous with exponent 1/2. Then linear interpolation based on the regular sequence

(T_n)_n = RS(w^2) is asymptotically optimal, i.e., e_p( ^X^L_{Tn} ) ≈ inf_{|T |=n} inf ^X_T e_p( ^X_T ). If the covariance kernel R is known, there are at least two more methods of reconstruction which perform asymptotically optimal under appropriate conditions on the mean function m. Let X_T = (X(t_1), . . . , X(t_n))^′ and define ^X^0_T (t) = a_T (t)^′ R^{−1}_T X_T , 0 ≤ t ≤ 1. (4) This method ignores the mean function m, see (2). Let P_T denote the orthogonal projector onto the subspace of H(R) which is spanned by R(·, t_1), . . . , R(·, t_n). If m ∈ H(R) then (4) can be written as ^X^0_T (t) = P_T m(t) + opr_T Z(t), (5) which shows the connection between ^X^0_T and ^X^∗_T more clearly.

In general, neither ^X^L_T nor ^X^0_T are unbiased estimators for m. If the mean function m is linearly parameterized, i.e., m(t) = ℓ∑ j=1 β_jf_j(t) (6) with known and linearly independent functions f_1, . . . , f_ℓ on [0, 1], we therefore also consider the best linear unbiased predictors ^X^B_T given by ^X^B_T (t) = ^β^′_T f(t) + a_T (t)^′ R^{−1}_T (X_T − F_T ^β_T ), 0 ≤ t ≤ 1.

Here ^β_T denotes the weighted least squares estimator for β = (β_1, . . . , β_ℓ)^′ on the basis of the observations X_T , and f = (f_1, . . . , f_ℓ)^′ as well as F_T = (f_j(t_i))_{1≤i≤n, 1≤j≤ℓ} Similar to ^X^0_T , we can write ^X^B_T in terms of H(R) if f_1, . . . , f_ℓ ∈ H(R). Let A_T = ((P_T f_i, f_j )_R)_{1≤i,j≤ℓ}.

Observing that A_T = F^′_T R^{−1}_T F_T and (m(t_1), . . . , m(t_n))^′ = F_T β it follows that ^β_T = A^{−1}_T F^′_T R^{−1}_T X_T = β + A^{−1}_T F^′_T R^{−1}_T Z_T and therefore ^X^B_T (t) = ^X^∗_T (t) + (f − P_T f)^′(t) A^{−1}_T F^′_T R^{−1}_T Z_T . (7)

The matrix A = ((f_i, f_j)_R)_{1≤i,j≤ℓ} is positive definite since f_1, . . . , f_ℓ are linearly independent. Moreover, by continuity of R, the matrices A_{Tn} converge to A if the sequence of designs T_n gets dense in [0, 1]. In particular, ^X^B_{Tn} is well defined for large n if (T_n)_n = RS(w^2).

Theorem 3. Let (T_n)_n = RS(w^2).

(i) If m is of the form m(t) = ∫_1 0 R(s, t)φ(s) ds, 0 ≤ t ≤ 1, with φ being continuous, then

e_p( ^X^0_{Tn} ) ≈ inf_{|T |=n} inf ^X_T e_p( ^X_T ). (ii) If m is of the form (6) and

f_j(t) =

∫_1 0 R(s, t)φ_j(s) ds, 0 ≤ t ≤ 1, with φ_1, . . . , φ_ℓ being continuous, then

e_p( ^X^B_{Tn} ) ≈ inf_{|T |=n} inf ^X_T e_p( ^X_T ). Remark 2. According to Theorems 2 and 3 an unknown mean m of a certain form has no effect asymptotically. For reconstruction with respect to the L_2-norm and the maximum mean squared error similar results are obtained in Su and Cambanis (1993) and Müller-Gronbach (1995b).

The functions m which are considered in (i) form a dense subset in the reproducing kernel Hilbert space H(R). Furthermore, they are Lipschitz continuous while an arbitrary function from H(R) is merely Hölder continuous with exponent 1/2. Therefore the assumptions from Theorem 3 are stronger than those from Theorem 2.

Remark 3. The foregoing theorems deal with the optimal regular sequence (T_n)_n = RS(w^2). Clearly equidistant designs (T_n)_n = RS(1) are asymptotically optimal for constant weight functions w, and they yield errors of order √ ln n/n for any w. However, they do not yield optimal asymptotic constants in general.

So far the optimal regular sequence depends only on the weight function w and not on local properties of the process X. In a more general approach we consider processes X(t) = m(t) + g(t) Z(f(t)) 0 ≤ t ≤ 1, where Z is zero mean Gaussian with covariance kernel satisfying (A), (B), and (C), as previously. Extensions of the above results to this case are straightforward under suitable smoothness conditions on the additional weight function g and the parameter transformation f. For example, if f^′ and g are positive and Hölder continuous with exponent 1/2, then Theorem 2 holds with

(T_n)_n = RS(w^2 · g^2f^′) and e_p( ^X^L_{Tn} ) ≈ (1 2 ∫_1 0 (w^2 · g^2f^′)(t) dt

)_1/_2 (ln n n )_1/_2 . The problem how to estimate g^2f^′ from data X(t_i) in order to reconstruct X is addressed in a forthcoming paper.

Remark 4. In this paper we study reconstructions which are based on observations X(t_i). More generally, we may allow observations λ_i(X) where λ_1, . . . , λ_n are bounded linear functionals on C([0, 1]). For instance, this covers weighted integrals

λ_i(X) =

∫_1 0 X(s) ξ_i(s) ds and in particular Fourier or wavelet coefficients of X. Due to Maiorov and Wasilkowski (1995) one cannot improve the order of minimal errors in this way. The error of any reconstruction which uses n functionals λ_i is bounded from below by c √ ln n/n under Sacks-Ylvisaker conditions of order zero. Here c > 0 depends only on the covariance kernel R of X. The corresponding asymptotic constant for minimal errors is unknown.

Furthermore, an adaptive (sequential) selection of the sampling points t_i or functionals λ_i does not lead to smaller errors. See Traub et al. (1988) and Novak (1995) for a comprehensive presentation of general results.

Note that the optimal reconstructions ^X^∗_T are affine operators with finite dimensional range in C([0, 1]). More generally, we may allow any method which uses functions from a finite dimensional subspace U ⊂ C([0, 1]) to reconstruct X. This covers in particular best uniform approximation from U. Due to Maiorov (1993) there exists a sequence U_n of subspaces of dimension n such that the error E( inf_{u∈Un} sup_{0≤t≤1} |X(t) − u(t)|) is of order 1/ √ n. The proof is nonconstructive and subspaces U_n which yield errors of order less than √ ln n/n are not known explicitly.

3. Proofs

Let B denote a centered Brownian bridge on [0, 1]. The basic idea which underlies our proofs is to relate the error e_p( ^X^∗_T ) to e_p( ^B^∗_T ) by comparing the covariance kernels of the corresponding error processes. Sharp estimates on e_p( ^B^∗_T ) are available since B− ^B^∗_T consists of independent Brownian bridges, connected according to the design T .

For two functions K_1 and K_2 on [0, 1]^2 we write K_1 ≪ K_2 if K_2 − K_1 is positive semidefinite on [0, 1]^2.

Lemma 1. Let Y_1 and Y_2 be centered Gaussian processes with continuous sample paths and covariance kernels K_1 and K_2, respectively. Then K_1 ≪ K_2 implies E ( sup_{0≤t≤1} |Y_1(t)|^p ) ≤ E ( sup_{0≤t≤1} |Y_2(t)|^p ) .

Proof. Since K_1 ≪ K_2 we may apply Anderson’s inequality to obtain P ((Y_1(0), Y_1(1/n), . . . , Y_1(1)) ∈ A) ≥ P ((Y_2(0), Y_2(1/n), . . . , Y_2(1)) ∈ A) for each convex and symmetric set A ⊂ R^{n+1} and n ≥ 1. Because of E ( sup_{0≤t≤1} |Y_i(t)|^p ) = ∫_∞ 0 ( 1 − lim_{n→∞} P ( n⋂ k=0 {|Y_i(k/n)| ≤ x^{1/p}} )) dx the statement follows.

Without loss of generality we henceforth consider designs T = {t_1, . . . , t_n} such that 0 = t_1 < . . . < t_n = 1. Put Δ_{max}(T ) = max_{1≤i≤n−1}(t_{i+1} − t_i).

Lemma 2. Let R^T and L^T denote the covariance kernels of the error processes X − ^X^∗_T and B − ^B^∗_T , respectively. Then (1 − c Δ_{max}(T )) · L^T ≪ R^T ≪ (1 + c Δ_{max}(T )) · L^T , where the constant c is positive and independent of T and n.

Proof. Let t_i ≤ t ≤ t_{i+1}. From Müller-Gronbach (1995b, Lemma 3) we know that K^T (s, t) = L^T (s, t) − ∫ t_i+1 t_i (R^{(2,0)}_+ (u, ·), R(·, s) − P_T R(·, s))_R L^T (u, t) du. (8) For 1 ≤ i ≤ n − 1 choose a_{i1}, . . . , a_{imi} ∈ R and s_{i1}, . . . , s_{imi} ∈ [t_i, t_{i+1}]. Let X_i = m_i∑ k=1 a_{ik}(X(s_{ik}) − ^X^∗_T (s_{ik})), B_i = m_i∑ k=1 a_{ik}(B(s_{ik}) − ^B^∗_T (s_{ik})) and X = n−1∑ i=1 X_i, B = n−1∑ i=1 B_i. In order to prove Lemma 2 we will show that (1 − c Δ_{max}(T )) · E(B^2) ≤ E(X^2) ≤ (1 + c Δ_{max}(T )) · E(B^2) (9) with c > 0 only depending on the kernel R.

Let I denote the isomorphism from L_2(Z) to H(R). By (8) we have n−1∑ j=1 E(X_iX_j) = E(B^2_i ) − n−1∑ j=1 ∫ t_i+1 t_i (R^{(2,0)}_+ (u, ·), IX_j)_R E((B(u) − ^B^∗_T (u))B_i) du

= E(B^2_i ) −

∫ t_i+1 t_i (R^{(2,0)}_+ (u, ·), IX)_R E((B(u) − ^B^∗_T (u))B_i) du for each 1 ≤ i ≤ n − 1. Observing that E(B^2) = ∑n_{−1} i=1 E(B^2_i ), it follows that

E(X^2) = E(B^2) − n−1∑ i=1 ∫ t_i+1 t_i (R^{(2,0)}_+ (u, ·), IX)_R E((B(u) − ^B^∗_T (u))B_i) du.

(10)

Put c_0 = sup_{0≤t≤1} ‖R^{(2,0)}_+ (u, ·)‖_R. Since n−1∑ i=1 ∫ t_i+1 t_i |E((B(u) − ^B^∗_T (u))B_i)| du ≤ n−1∑ i=1 (E(B^2_i ))^{1/2}

∫ t_i+1 t_i (L^T (u, u))^{1/2} du ≤ n−1∑ i=1 (t_{i+1} − t_i)^{3/2} (E(B^2_i ))^{1/2} ≤ Δ_{max}(T ) (E(B^2))^{1/2} and sup 0≤u≤1 |(R^{(2,0)}_+ (u, ·), IX)_R| ≤ c_0 (E(X^2))^{1/2} we conclude from (10) that |E(X^2) − E(B^2)| ≤ c_0 Δ_{max}(T ) (E(B^2) E(X^2))^{1/2}.

This implies (1 + c_0 Δ_{max}(T ))^{−2} ≤

E(X^2) E(B^2)

≤ (1 + c_0 Δ_{max}(T ))^2 and (9) follows with a suitable choice of c.

Proof of Theorem 1. Consider the particular case of a centered Brownian bridge. For a fixed design T let Y = B − ^B^∗_T denote the corresponding error process. We have e_p( ^B^∗_T )^p = ∫_∞ 0 P ( sup_{0≤t≤1} w(t) |Y (t)| > u^{1/p} ) du = ∫_∞ 0 ( 1 − n−1∏ i=1 P ( sup t_i≤t≤t_i+1 w(t) |Y (t)| ≤ u^{1/p} )) du. Furthermore, P ( sup t_i≤t≤t_i+1 w(t) |Y (t)| ≤ u^{1/p} ) ≤ P ( a_i sup t_i≤t≤t_i+1 |Y (t)| ≤ u^{1/p} ) (11) = F ( u^{1/p} a_i (t_{i+1} − t_i)^{1/2} )

where F denotes the distribution function of sup_{0≤t≤1} |B(t)| and a_i = min t_i≤t≤t_i+1 w(t) > 0. From Ritter (1990, Lemma 1) we know that n−1∏ i=1 F ( u^{1/p} a_i (t_{i+1} − t_i)^{1/2} ) ≤ F^n ( u^{1/p} (r/n)^{1/2} )

where r = r(T ) = n−1∑ i=1 a^2_i (t_{i+1} − t_i).

Therefore

e_p( ^B^∗_T )^p ≥ ∫_∞ 0 ( 1 − F^n ( u^{1/p} (n/r)^{1/2} )) du = (r/n)^{p/2} ∫_∞ 0 ( 1 − F^n(u^{1/p}) ) du. Consider a sequence of designs T_n such that e_p( ^B^∗_{Tn} ) tends to zero. Then Δ_{max}(T_n) tends to zero, too, and lim_{n→∞} r(T_n) =

∫_1 0 w^2(t) dt = c_1.

Since (∫_∞ 0 ( 1 − F^n(u^{1/p}) ) du )_1/p ≈ (ln n/2)^{1/2},

(12) see Ritter (1990, p. 351), we get the lower bound lim inf n→∞ inf_{|T |=n} e_p( ^B^∗_T ) ( n ln n

)_1/_2

≥ (c_1/2)^{1/2}.

The matching upper bound is obtained by the regular sequence (T_n)_n = RS(w^2). We have t_{i+1,n} − t_{i,n} ≤ c_1 (n − 1) min t_{i,n}≤t≤t_i+1_{,n} w 2(t) for the corresponding sampling points. Analogously to (11) we conclude that P ( sup t_{i,n}≤t≤t_i+1_{,n} w(t) |Y (t)| ≤ u^{1/p} ) ≥ F (u^{1/p} ((n − 1)/c_1)^{1/2} q_n) with q_n = inf_{1≤i≤n−1} min t_{i,n}≤t≤t_i+1_{,n} w(t) max t_{i,n}≤t≤t_i+1_{,n} w(t) . Thus e_p( ^B^∗_{Tn} )^p ≤ ∫_∞ 0 ( 1 − F^n ( u^{1/p} ((n − 1)/c_1)^{1/2} q_n )) du = ( ((n − 1)/c_1)^{1/2} q_n )_−p ∫ ∞ 0 ( 1 − F^n(u^{1/p}) ) du. Clearly q_n tends to one, and due to (12) we have lim sup n→∞ e_p( ^B^∗_{Tn} ) ( n ln n

)_1/_2

≤ (c_1/2)^{1/2}, which completes the proof in the case of a Brownian bridge.

Now we turn to an arbitrary process X. Due to Lemmata 1 and 2, e_p( ^X^∗_{Tn} ) ≈ e_p( ^B^∗_{Tn} ) for any sequence of designs T_n such that Δ_{max}(T_n) tends to zero. Thus the result for the Brownian bridge apply.

Proof of Theorem 2. Define a stochastic processes Z^L_T by Z^L_T (t) = t_{i+1} − t t_{i+1} − t_i Z(t_i) + t − t_i t_{i+1} − t_i Z(t_{i+1}) for t_i ≤ t ≤ t_{i+1} and 1 ≤ i ≤ n − 1. Since m is Hölder continuous with exponent 1/2 we have sup t_i≤t≤t_i+1 | |m(t) − t_{i+1} − t t_{i+1} − t_i m(t_i) + t − t_i t_{i+1} − t_i m(t_{i+1}) | | ≤ c_2(t_{i+1} − t_i)^{1/2} with a positive constant c_2. Hence

e_p( ^X^L_T ) ≤ e_p( ^X^∗_T ) + ( E ( sup_{0≤t≤1} w(t) |opr_T Z(t) − Z^L_T (t)| )p)^1/p

+ c_2 (Δ_{max}(T ))^{1/2} sup_{0≤t≤1} w(t).

Clearly Δ_{max}(T_n) is of order 1/n for any regular sequence (T_n)_n. Let S^T and L^T denote the covariance kernels of opr_T Z − Z^L_T and B − ^B^∗_T , respectively. Observing Lemma 1 and Theorem 1, it is sufficient to show that S^T ≪ c_3 Δ_{max}(T ) L^T ,

(13) where the constant c_3 is positive and independent of T .

From Müller-Gronbach (1995b, p. 18) we know that S^T (s, t) = (h^T_s , h^T_t )_R, where h^T_t (u) =

∫_1 0 P_T R^{(2,0)}_+ (v, ·)(u) L^T (v, t) dv. Hence S^T (s, t) = ∫_1 0 ∫_1 0 ( P_T R^{(2,0)}_+ (u, ·), P_T R^{(2,0)}_+ (v, ·) ) R L^T (u, s) L^T (v, t) dv du. For 1 ≤ i ≤ n − 1 let V_i = m_i∑ k=1 a_{ik}(opr_T Z(s_{ik}) − Z^L_T (s_{ik})) and put V = n−1∑ i=1 V_i.

By the same arguments used in the proof of Lemma 2 it follows that

E(V^2) ≤ c^2_0 n−1∑ i,j=1 ∫ t_i+1 t_i ∫ t_j+1 t_j |E((B(v) − ^B^∗_T (v))B_j) E((B(u) − ^B^∗_T (u))B_i)| dv du ≤ c^2_0 ( n_{−1}∑ i=1 (t_{i+1} − t_i)^{3/2} (E(B^2_i ))^{1/2}

)_2

≤ c^2_0 · Δ^2_{max}(T ) E(B^2), which proves (13).

Proof of Theorem 3. Let w_{max} = sup_{0≤t≤1} w(t) and R_{max} = sup_{0≤t≤1} R(t, t). By (5), sup_{0≤t≤1} w(t) |X(t) − ^X^0_T (t)| ≤ sup_{0≤t≤1} w(t) |Z(t) − opr_T Z(t)| + sup_{0≤t≤1} w(t) |m(t) − P_T m(t)| ≤ sup_{0≤t≤1} w(t) |X(t) − ^X^∗_T (t)| + w_{max}R^{1/2}_{max} ‖m − P_T m‖_R.

Hence e_p( ^X^0_T ) ≤ e_p( ^X^∗_T ) + w_{max}R^{1/2}_{max} ‖m − P_T m‖_R.

From Sacks and Ylvisaker (1968, Lemma 3.1) it is easy to see that ‖m − P_T m‖_R ≤ c_4 Δ_{max}(T ),

(14) where the constant c_4 is independent of T and n. Hence ‖m − P_{Tn} m‖_R is of order 1/n for any regular sequence (T_n)_n. Observing Theorem 1, part (i) follows.

Now let m satisfy the assumptions of part (ii). Assume without loss of generality that R_T and A_T are invertible. From (7) we get

e_p( ^X^B_T ) ≤ e_p( ^X^∗_T ) + w_{max} ( E ( sup_{0≤t≤1} |(f − P_T f)^′(t) A^{−1/2}_T U_T |^p ))1/p (15) where U_T = A^{−1/2}_T F^′_T R^{−1}_T Z_T .

Let ⌈p⌉ = min{k ∈ N : k ≥ p}. Since U_T has an n-dimensional standard normal distribution we have U^′_T U_T ∼ χ^2(n) and therefore (E(U^′_T U_T )^p)^{1/p} ≤ ( E(U^′_T U_T )^{⌈p⌉} )_1/_⌈p_⌉ = (n(n + 2) · · · (n + 2(⌈p⌉ − 1)))^{1/⌈p⌉} ≤ 3n for each n ≥ ⌈p⌉. Furthermore, by (14),

(f − P_T f)^′(t) A^{−1}_T (f − P_T f)(t) ≤ λ_{max}(A^{−1}_T ) · (f − P_T f)^′(t) (f − P_T f)(t) ≤ λ_{max}(A^{−1}_T ) · R(t, t) ℓ∑ j=1 ‖f_j − P_T f_j ‖^2_R ≤ c_5 · λ_{max}(A^{−1}_T ) Δ^2_{max}(T ), where the constant c_5 is independent of T and n.

Now let (T_n)_n = RS(w^2) and assume n ≥ ⌈p⌉. Then ( E ( sup_{0≤t≤1} |(f − P_{Tn} f)^′(t) A^{−1/2}_{Tn} U_{Tn} |^p ))1/p

≤ sup_{0≤t≤1} ( (f − P_{Tn} f)^′(t) A^{−1}_{Tn} (f − P_{Tn} f)(t) )_1/_2 · ( E(U^′_{Tn} U_{Tn} )^p )_1/_2p

≤ c_6 · n^{−1/2} λ_{max}(A^{−1}_{Tn} )^{1/2}, where the constant c_6 is independent of n. Since λ_{max}(A^{−1}_{Tn} ) tends to λ_{max}(A^{−1}) part (ii) now follows from (15) and Theorem 1. References

M. Abt, Some exact optimal designs for linear covariance functions in one dimension, Commun. Statist.-Theory Meth. 21 (1992) 2059–2069.

N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950) 337–404. G. Christakos, Random Fields Models in Earth Sciences (Academic Press, San Diego, 1992). R. L. Eubank, P. L. Smith, and P. W. Smith, A note on optimal and asymptotically optimal designs for certain time series models, Ann. Statist. 10 (1982) 1295–1301.

D. Lee, Approximation of linear operators on a Wiener space, Rocky Mountain J. Math. 16 (1986) 641–659.

V. E. Maiorov, Average n-widths of the Wiener space in the L1-norm, J. Complexity 9 (1993) 222-230. V. E. Maiorov and G. W.Wasilkowski, Probabilistic and average linear width in L1-norm with respect to r-fold Wiener measure, Preprint, University of Kentucky, Lexington, 1995. C. A. Micchelli and G. Wahba, Design problems for optimal surface interpolation, in: Z. Ziegler, ed., Approximation Theory and Applications (Academic Press, New York, 1981) pp. 329–347. T. Müller-Gronbach, Asymptotically optimal designs for approximating the path of a stochastic process with respect to the L1-norm, to appear in: A. Paźman, J. Volaufová, eds., Probastat’94, Tatra Mountains Math. Publ. 7 (Bratislava, 1994).

T. Müller-Gronbach, Optimal designs for approximating the path of a stochastic process, to appear in J. Statist. Planning Inf. (1995a).

T. Müller-Gronbach, Optimal designs for approximating the path of a stochastic process with respect to a minimax criterion, to appear in Statistics (1995b).

T. Müller-Gronbach and R. Schwabe, On optimal allocations for estimating the surface of a random field, to appear in Metrika (1995).

E. Novak, On the power of adaption, Preprint, University of Erlangen-Nürnberg, 1995. E. Parzen, Statistical inference on time series by Hilbert space methods I, in: E. Parzen, ed., Time Series Analysis Papers (Holden-Day, San Francisco, 1967) pp. 251–382.

K. Ritter, Approximation and optimization on the Wiener space, J. Complexity 6 (1990) 337–364. K. Ritter, Asymptotic optimality of regular sequence designs, submitted for publication (1995).

K. Ritter and G. W. Wasilkowski, Integration and L_2-approximation: average case setting with isotropic Wiener measure for smooth functions, to appear in Rocky Mountain J. Math. (1995).

K. Ritter, G. W. Wasilkowski, and H. Woźniakowski, On multivariate integration for stochastic processes, in: H. Braß, G. Hämmerlin, eds., Numerical Integration, ISNM 112 (Birkhäuser, Basel, 1993) pp. 331–347.

K. Ritter, G. W. Wasilkowski, and H. Woźniakowski, Multivariate integration and approximation for random fields satisfying Sacks-Ylvisaker conditions, Ann. Appl. Prob. 5 (1995) 518–540.

J. Sacks, W. J. Welch, T. J. Mitchell, and H. P. Wynn, Design and analysis of computer experiments, Statist. Sci. 4 (1989) 409–435.

J. Sacks and D. Ylvisaker, Designs for regression with correlated errors, Ann. Math. Statist. 37 (1966) 68–89.

J. Sacks and D. Ylvisaker, Designs for regression problems with correlated errors; many parameters, Ann. Math. Statist. 39 (1968) 49–69.

J. Sacks and D. Ylvisaker, Statistical design and integral approximation, in: R. Pyke, ed., Proc. 12th Bienn. Semin. Can. Math. Congr. (Can. Math. Soc., Montreal, 1970) pp. 115–136.

P. Speckman, L_p approximation of autoregressive Gaussian processes, Technical Report, Department of Statistics, University of Oregon, Eugene.

Y. Su and S. Cambanis, Sampling designs for estimation of a random process, Stochastic Processes Appl. 46 (1993) 47–89.

J. F. Traub, G. W. Wasilkowski and H. Woźniakowski, Information-Based Complexity (Academic Press, New York, 1988).

G. Wahba, Spline Models for Observational Data, CBSM-NSF Regional Conf. Ser. Appl. Math. 59 (SIAM, Philadelphia, 1990).

G. W. Wasilkowski, On average complexity of global optimization problems, Math. Programming 57 (1992) 313–324.

G. W. Wasilkowski, Integration and approximation of multivariate functions: average case complexity with isotropic Wiener measure, Bull. Amer. Math. Soc. (N. S.) 28 (1993) 308–314. Full version J. Approx. Theory 77 (1994) 212–227.

H. Woźniakowski, Average case complexity of linear multivariate problems, Part 1: Theory, Part 2: Applications. J. Complexity 8 (1992) 337–372, 373–392.

1. Mathematisches Institut, Freie Universität Berlin, Arminallee 2–6, 14195 Berlin, Germany

E-mail address: gronbach@math.fu-berlin.de

Mathematisches Institut, Universität Erlangen-Nürnberg, Bismarckstraße 1 1/2, 91054 Erlangen, Germany

E-mail address: ritter@mi.uni-erlangen.de