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How to properly specify boundary conditions for pressure is a longstanding problem for the
incompressible Navier–Stokes equations with no-slip boundary conditions. An analytical
resolution of this issue stems from a recently developed formula for the pressure in terms
of the commutator of the Laplacian and Leray projection operators. Here we make use of
this formula to (a) improve the accuracy of computing pressure in two kinds of existing
time-discrete projection methods implicit in viscosity only, and (b) devise new higher-
order accurate time-discrete projection methods that extend a slip-correction idea behind
the well-known finite-difference scheme of Kim and Moin. We test these schemes for sta-
bility and accuracy using various combinations of C0 finite elements. For all three kinds of
time discretization, one can obtain third-order accuracy for both pressure and velocity
without a time-step stability restriction of diffusive type. Furthermore, two kinds of projec-
tion methods are found stable using piecewise-linear elements for both velocity and
pressure.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

We consider the Navier–Stokes equations (NSE) for incompressible fluid flow in a domain X in RN (N ¼ 2 or 3) with veloc-
ity specified on the boundary C ¼ @X. We write the momentum equation and boundary conditions in the form
@tuþrp ¼ mDuþ F in X; ð1Þ
u ¼ g on C: ð2Þ
Here u is the fluid velocity, p the pressure, and m ¼ 1=Re is the kinematic viscosity coefficient, taken to be a fixed positive
constant. We combine external forcing f and nonlinear terms into one symbol F ¼ f � u � ru.

The pressure field p should ensure that the velocity is divergence-free, with
r � u ¼ 0 in X: ð3Þ
. All rights reserved.
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This incompressibility condition is the source of many difficulties associated with the numerical approximation of solutions
of NSE, especially in the presence of boundaries. Projection methods, deriving from classic work of Chorin and Temam, aim to
deal efficiently with incompressibility through strategies that involve the Helmholtz decomposition of an arbitrary vector
field into a sum of a gradient plus a divergence-free field. But for many years, projection methods were plagued by large
and poorly understood numerical boundary-layer errors.

The situation improved markedly with the formal analysis of Brown et al. [6], who explained why one could achieve sec-
ond-order accuracy in time. One point we make in the present paper is that for no-slip boundary conditions, formal accuracy
and numerical boundary-layer errors at the time-discrete level can be understood rather simply in terms of the failure of
commutativity between the (space-continous) Laplacian D and the Leray-Helmholtz projection operator P onto diver-
gence-free vector fields.

The commutator DP � PD directly contributes a term to the Navier–Stokes pressure, as we show in Section 2. We will
describe a formula for the pressure, in fact, that shows how it is necessarily determined from the current velocity and forcing
fields by solving Poisson equations with appropriate boundary conditions. This formula underlies the proof in [19] of local-
time well-posedness for an extended Navier–Stokes dynamics unconstrained by (3). This well-posedness proof shows that the
pressure formula provides a rigorous resolution of the longstanding issue of how to properly specify boundary conditions for
pressure. For discussion of this issue see the book [12], and see the paper [26] for a recent and interesting alternative.

Our goal here is to use the pressure formula to derive a number of improvements to numerical schemes for viscous
incompressible flow. We will focus on simple and efficient schemes that involve projection methods for time discretization,
implicit in viscosity only. For numerical performance tests we use a variety of C0 finite elements for spatial discretization. We
anticipate that our study will have a number of consequences for other kinds of time stepping and spatial discretization,
however. For example, if the Reynolds number is large enough so that the time step is not severely restricted by diffusive
stability criteria, one can simply use explicit fourth-order Runge–Kutta time-stepping (like for a gauge method in [9]), since
the pressure field is determined by current velocity and forcing.

There are several different kinds of projection methods. We will deal with three types in this paper, which we classify as
follows:

(1) Pressure-approximation (PA) schemes involve determining an approximation of the true pressure from the current
velocity field. A key term in the pressure boundary conditions involves n � r �r� u, the normal component of the
curl of vorticity at the boundary. This term has appeared in the numerical literature on projection methods for many
years, starting with work of Orszag, Israeli, and Deville [22] and Karniadakis et al. [17].

(2) Pressure update (PU) schemes involve using an existing pressure approximation pn at time level n in determining pnþ1.
Such schemes go back to van Kan [30], and include work by Bell et al. [5], Timmermans et al. [29] and Ren et al. [25]

(3) Slip-correction (SC) schemes involve adjusting the boundary condition for an intermediate velocity to ensure that the
Leray-projected velocity field (which is nominally divergence free) satisfies the desired boundary condition to higher-
order. The well-known 2nd-order finite-difference method of Kim and Moin [18] is of this type.

In brief, the main improvements that we propose in this paper involve (a) improved accuracy in computing the pressure
in existing pressure-approximation and pressure-update projection methods, and (b) the derivation of new higher-order
accurate slip-correction methods. Furthermore, our stability and accuracy tests indicate that with PA or SC schemes, one
may obtain up to third-order accuracy in time for both velocity and pressure with no diffusive time-step stability restriction.

A potentially significant finding is that the PA and SC schemes which we test exhibit good performance when discretizing
space in simple ways – using Lagrange finite elements of equal order for velocity and pressure, for example. These (but not
PU) schemes are stable even with piecewise-linear approximation for both velocity and pressure. As is well known, this sim-
ple type of approximation violates the classic inf–sup condition, a condition necessary for stability in traditional mixed stea-
dy-state formulations. Our tests suggest that the inf–sup condition may not be required for stability in time-dependent
computations with certain PA and SC schemes. The issue of obtaining good performance without the inf–sup condition is
complex and subtle and worthy of further investigation. For brevity, here we restrict ourselves to reporting a limited number
of numerical tests involving equal-order elements.

There is a large literature concerning projection methods, and discussion of it here must necessarily be limited. We refer
to [13] for a recent comprehensive review. Many projection methods are closely related to the Navier–Stokes dynamics ex-
tended by the pressure formula, and its implicit/explicit discretization appearing in the work of Johnston and Liu [16]. We
refer to [19] for discussion of these relations for the second-order projection or time-splitting methods of Kim and Moin [18],
Timmermans et al. [29], Henshaw and Petersson [14], Brown et al. [6], and the gauge method of E and Liu [9].

The Johnston–Liu scheme is essentially a pressure-approximation scheme, as are the higher-order schemes introduced by
Karniadakis et al. [17]. Leriche et al. [21] recently tested the stability of many schemes from [17] for the Stokes system in a
2D square domain with spectral collocation in space. They found unconditional stability for a certain (3,2) HOS scheme that
exhibits third-order temporal accuracy for velocity. Here, we find similar behavior for slip-correction and pressure-update
schemes with finite-element spatial discretizations. Moreover, using the pressure formula we find ways to recover full
third-order accuracy for pressure as well as velocity. In this regard, it is important to maintain a clear distinction between
the true Navier–Stokes pressure on the one hand, and the potential that enforces zero divergence in the Helmholtz decom-
position on the other hand.
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2. Pressure and well-posedness

We shall derive a very useful expression for the pressure based on a few identities involving the Leray-Helmholtz projec-
tion onto divergence-free fields.

The Laplace–Leray commutator. Recall that any square-integrable velocity field u has a unique Helmholtz decomposition
u ¼ v þr/; ð4Þ
where v is L2-orthogonal to all square-integrable gradients:
R

X v � rq ¼ 0 for all q smooth enough. Then v is divergence-free
and at the boundary has vanishing component in the direction of the outward unit normal n:
r � v ¼ 0 in X; n � v ¼ 0 on C: ð5Þ
We write v ¼ Pu, defining the Leray-Helmholtz projection operator P, and write / ¼ Qu to denote the zero-mean potential
field in (4), satisfying
D/ ¼ r � u in X; n � r/ ¼ n � u on C: ð6Þ
That is, r/ ¼ ðI � PÞu. Then DðI � PÞu ¼ Dr/ ¼ rD/ ¼ rr � u, and from this, the fact Pr ¼ 0, and the vector identity
�r�r� u ¼ Du�rr � u, one immediately obtains the following identities described in [19]:
DPu ¼ ðD�rr�Þu ¼ �r�r� u; ð7Þ
ðDP � PDÞu ¼ ðI � PÞðD�rr�Þu ¼ �ðI � PÞr�r� u: ð8Þ
Due to (8), we see that the commutator of the Laplacian and Leray projection operators is the gradient of a potential field
pSðuÞ satisfying
pSðuÞ ¼ QðD�rr�Þu; rpSðuÞ ¼ ðDP � PDÞu: ð9Þ
From (9) it follows that pSðuÞ is well-defined for all velocity fields with square-integrable second derivatives, and as dis-
cussed in [19], it is the unique zero-mean solution of the boundary value problem
DpSðuÞ ¼ 0 in X; n � rpSðuÞ ¼ n � ðD�rr�Þu on C: ð10Þ
Formulae for pressure. Suppose now that u is a solution of the Navier–Stokes Eqs. (1)–(3). Suppose for simplicity at first that
the boundary is no-slip, that is,
g ¼ 0: ð11Þ
Then u ¼ Pu, but on the other hand, if we apply P to (1) and use (9) to say PDu ¼ DPu�rpSðuÞ, since Prp ¼ 0 what we find
is that
@tu ¼ mDu� mrpSðuÞ þ PF: ð12Þ
Since P ¼ I �rQ, comparison of (12) with (1) immediately yields the expression for pressure that we seek, assuming it is
normalized to mean zero: Necessarily,
p ¼ mpSðuÞ þ QF: ð13Þ
This expression is explicit in terms of solutions of boundary value problems involving the velocity and forcing fields, as in
(10) and (6). We refer to pSðuÞ as the Stokes pressure since the other terms vanish in the absence of forcing and nonlinear
convection terms.

The expression (13) is altered as follows in case the boundary data g is nonzero and satisfies the natural compatibility
condition
Z

C
n � g ¼ 0 for t P 0: ð14Þ
Let RðgÞ denote the zero-mean harmonic function whose normal derivative at the boundary is n � g, meaning that
DRðgÞ ¼ 0 in X; n � rRðgÞ ¼ n � g on C: ð15Þ
Now, if u satisfies (1)–(3), then
u�rRðgÞ ¼ Pðu�rRðgÞÞ ¼ Pu; ð16Þ
and applying P to (1) yields
@tðu�rRðgÞÞ þ mrpSðuÞ ¼ mDuþ PF: ð17Þ
Hence the pressure is now given by
p ¼ mpSðuÞ � Rð@tgÞ þ QF: ð18Þ
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Finite-element computation of this pressure is best based on discretization of the following equivalent weak-form character-
ization that involves only first derivatives: For all test functions w with square-integrable gradient,
Z

X
rp � rw ¼

Z
C

mðr � uÞ � ðn�rwÞ � ðn � @tgÞwð Þ þ
Z

X
F � rw: ð19Þ
For sufficiently regular data, (18) is also equivalent to the single boundary value problem
Dp ¼ r � F in X; ð20Þ
n � rp ¼ �n � ðmr�r� uþ @tgÞ þ n � F on C: ð21Þ
The appearance of the curl of vorticity in the boundary condition for pressure is familiar, dating back to Orszag et al. [22]. For
purposes of analysis, however, we most often use the operator representation in (18), which distinguishes contributions to
pressure by source, particularly that from the Laplace–Leray commutator.

Extended Navier–Stokes dynamics. There is a long history of using various pressure Poisson equations like (20) and (21) in
computation; see [26] for a discussion and further references. In this context, it is notable that (18) has recently been placed
on a sound analytical footing in relation to Navier–Stokes well-posedness theory. It was proved in [19] that the initial-
boundary value problem is well-posed locally in time for Eqs. (1) and (2) without the divergence constraint (3)—instead using
(19) to define the pressure. This was done in bounded domains with C3 boundaries, for suitably regular forcing and boundary
data, and for any initial velocity uin having square-integrable gradient and satisfying the boundary condition (2), regardless
of what its divergence is. One obtains unique strong solutions with spatial second derivatives square-integrable in space-
time.

The well-posedness theory of [19] involves using the pressure formula (19) to prove the stability of a basic implicit/ex-
plicit time-difference scheme for (1) that treats the pressure and nonlinear terms explicitly in time, and only the viscosity
term implicitly. Bounds on the pressure gradient come from the following (essentially sharp) estimate for the Laplace–Leray
commutator, or Stokes pressure gradient, which shows that for no-slip boundary conditions, the commutator is strictly con-
trolled at leading order by the viscosity term:

Theorem 1. Suppose X is a bounded domain with C3 boundary, and e > 0. Then there is a constant C such that for all u that vanish
on the boundary and have square integrable second derivatives,
Z
X
jrpSðuÞj

2
6

1
2
þ e

� �Z
X
jDuj2 þ C

Z
X
jruj2: ð22Þ
We refer to (1) with (18) (or equivalently (17)) as the extended Navier–Stokes equations. For a general solution of these equa-
tions, it follows easily from (17), (10) and (5) that the divergence w ¼ r � u satisfies a diffusion equation with no-flux bound-
ary conditions:
@tw ¼ mDw in X; n � rw ¼ 0 on C: ð23Þ
The divergence w � 0 initially if and only if w � 0 for all later time, and this produces a solution of NSE including the incom-
pressibility constraint. The dynamics of the extended NSE extends the constrained dynamics of NSE in a well-posed manner
off the ‘‘invariant manifold” of states satisfying (3).

3. Time discretization by projection methods

Since pressure is determined explicitly by (19) (or equivalently (18)), it is straightforward to discretize the extended Na-
vier–Stokes Eqs. (1), (2) and (19) in time. To achieve efficiency at low to moderate Reynolds number, it is convenient to treat
the viscosity term implicitly and treat the pressure and convection terms explicitly. In this section we will describe three
classes of time discretizations of this type, and examine their formal accuracy in light of the formulae from the previous sec-
tion that involve pressure. We treat semi-discrete schemes that are discrete in time and continuous in space. Time discret-
ization has long been considered a main source of numerical boundary-layer error. This is already apparent in the studies by
Orszag et al. [22] and Brown et al. [6], for example, and is consistent with our numerical tests. We will discuss implemen-
tation details for space discretization by finite elements in Section 4.

It will be better to use a rotational form of the nonlinear term, writing
F ¼ f � h; h ¼ ðr� uÞ � u: ð24Þ
This is different from the previous expression for F , but is related by the identity
u � ru ¼ ðr� uÞ � uþ 1
2
rjuj2: ð25Þ
The pressure formulae in (18)–(21) remain valid with the new F , the pressure changing by a term 1
2 juj

2 up to a constant.
For each kind of projection method, we will find a divergence-free approximate velocity uj at time tj ¼ jDt by decompos-

ing an intermediate velocity uj
� according to
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uj
� ¼ uj þrqj; Dqj ¼ r � uj

� in X; n � rqj ¼ 0 on C: ð26Þ
We denote the nonlinear terms corresponding to the divergence-free velocities uj by
hj ¼ ðr� ujÞ � uj ¼ ðr� uj
�Þ � ðuj

� � rqjÞ: ð27Þ
We will indicate backward differentiation formulas of order k and extrapolation formulas of order m using the notation
Dkunþ1 ¼ 1
Dt

X
jP0

ak
j unþ1�j; Emunþ1 ¼

X
jP1

bm
j unþ1�j: ð28Þ
The nonzero coefficients for these formulae are listed in Table 1.

3.1. Slip-corrected projection methods

One can describe rather simple time-discrete schemes that formally achieve high-order accuracy without using any ex-
plicit approximation to pressure at all. The idea is to adjust slip at the boundary, in a fashion similar to that in the classic 2nd-
order projection method of Kim & Moin [18].

To determine the approximate velocity unþ1 at time tnþ1 ¼ ðnþ 1ÞDt, suppose that for all j 6 n the decomposition (26) is
available. Fix a pair of integers ðk;mÞ with k P m > 0. We discretize (1) in time using the kth-order backward differentiation
formula for the time derivative and kth-order extrapolation to approximate hnþ1. We use mth-order extrapolation to approx-
imate rqnþ1 on the boundary. We update velocity by computing unþ1

� and qnþ1 to satisfy
1
Dt

ak
0unþ1
� þ

X
jP1

ak
j unþ1�j

 !
¼ mDunþ1

� þ f nþ1 � Ekhnþ1 in X; ð29Þ

unþ1
� ¼ gnþ1 þrEmqnþ1 on C; ð30Þ

Dqnþ1 ¼ r � unþ1
� in X; n � rqnþ1 ¼ 0 on C: ð31Þ
Then we can write
unþ1 ¼ unþ1
� � rqnþ1: ð32Þ
We refer to this scheme as the ðk;mÞ SC scheme. (SC is for slip correction.) The case ðk;mÞ ¼ ð3;2Þ is perhaps most interesting,
yielding third-order accuracy with good stability in tests.

This scheme is just as efficient as many classic projection methods, involving the solution of one scalar Poisson equation
in addition to N decoupled scalar elliptic equations for velocity per time step. Note that with finite-element discretization,
the quantities uj need not be computed every time step. One can use uj

� � rqj for uj (j 6 n) in (29), as in (27). Also note
r � unþ1 ¼ 0, and n � unþ1 ¼ n � gnþ1 on C, but tangential components of unþ1 and gnþ1 may not match. Following the advice
in [22] for avoiding a weak instability in the Kim–Moin scheme, in implementing (30) one should enforce normal-compo-
nent matching explicitly, requiring
n � unþ1
� ¼ n � gnþ1 and n� unþ1

� ¼ n� ðgnþ1 þrE2qnþ1Þ on C; ð33Þ
and not rely on the boundary conditions in (31).
Accuracy for velocity. Though the pressure is neglected in the step (29), it is easy to see that the velocity un satisfies a for-

mally kth-order-accurate discretization of the momentum equation in the following way. Apply the projection P to (29), not-
ing that n � uj ¼ n � gj, hence as in (16),
Puj
� ¼ Puj ¼ uj �rRðgjÞ: ð34Þ
ents for backward differentiation and extrapolation.

j ¼ 0 j ¼ 1 j ¼ 2 j ¼ 3 j ¼ 4

1 �1 0 0 0
3/2 �2 1/2 0 0
11/6 �3 3/2 �1/3 0
25/12 �4 3 �4/3 1/4

j ¼ 1 j ¼ 2 j ¼ 3 j ¼ 4

1 1 0 0 0
2 2 �1 0 0
3 3 �3 1 0
4 4 �6 4 �1
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Because PDunþ1
� ¼ DPunþ1

� � rpSðunþ1
� Þ ¼ Dunþ1 �rpSðunþ1Þ, we find that
DkPunþ1 þ mrpSðunþ1Þ ¼ mDunþ1 þ Pf nþ1 � PEkhnþ1
; ð35Þ
whence unþ1 satisfies
Dkunþ1 þr�pnþ1 ¼ mDunþ1 þ f nþ1 � Ekhnþ1
; ð36Þ
where
�pnþ1 ¼ mpSðunþ1Þ � RðDkgnþ1Þ þ Qf nþ1 �QEkhnþ1
: ð37Þ
Clearly (36) and (37) are kth-order accurate discretizations of (1) and (18) respectively.
Slip error. It remains to study the slip error in the boundary condition for unþ1. From (30) and (32) it follows that this error

is given by
unþ1 � gnþ1 ¼ �rðqnþ1 � Emqnþ1Þ on C: ð38Þ
Comparing (29) and (36) we find (after writing a0 ¼ ak
0)
a0

Dt
� mD

� �
qnþ1 ¼ �pnþ1: ð39Þ
This equation together with (28) yields
a0

Dt
� mD

� �
ðqnþ1 � Emqnþ1Þ ¼ �pnþ1 � Em�pnþ1: ð40Þ
Since �pn consistently approximates the pressure p, the right-hand side of (40) is formally Dtm@m
t p plus higher-order terms.

Since n � rqj ¼ 0 on C, the quantity
q̂ ¼ qnþ1 � Emqnþ1 ð41Þ
also satisfies n � rq̂ ¼ 0, and we can infer from this boundary value problem that q̂ ¼ OðDtmþ1Þ formally. (Indeed, if one knew
rigorously that the right-hand side takes values in a fixed interval ½�M;M� where M ¼ OðDtmÞ, then it follows from the max-
imum principle that the solution to (40) takes values in ½�M̂; M̂�with M̂ ¼ MDt=a0 ¼ OðDtmþ1Þ.) Presuming the boundary and
the data are smooth, it is reasonable to expect that derivatives tangential to the boundary are of the same order OðDtmþ1Þ.
Then the full gradient rq̂ ¼ OðDtmþ1Þ on the boundary since the normal component is zero. We conclude that formally
the slip error unþ1 � gnþ1 is OðDtmþ1Þ. This indicates that overall the order of accuracy for unþ1 is the minimum of k and mþ 1.

Approximate pressure. Though pressure is not computed explicitly in the scheme (29)–(32), an approximation p̂nþ1 whose
formal accuracy matches that of velocity can be computed at negligible further cost and without solving any further Poisson
equations, by using (39) with (31). Namely we can set
p̂nþ1 ¼ �pnþ1 ¼ a0

Dt
qnþ1 � mr � unþ1

� : ð42Þ
This expression involves computed quantities and by (37) it is a consistent kth-order approximation to the pressure corre-
sponding to unþ1 from (18). Hence it should approximate the true pressure with order of accuracy minðk;mþ 1Þ.

Remarks 1

1. It seems remarkable that Eq. (36) for the divergence-free velocity unþ1 is fully implicit with respect to Stokes pressure. Evi-
dently this is due to the commutator formula (9). The same thing naturally happens for many different kinds of projection
and splitting methods.

2. We emphasize that the final projection step (32) should not be regarded as a fractional step that solves @tuþrp ¼ 0. (For
an interesting perspective relating fractional step methods to block LU decompositions see [24].) The quantity qnþ1 is not
pressure times Dt, despite its role in enforcing the zero-divergence condition for unþ1. It is instructive to consider the error
that occurs if one takes the approximate pressure to be

p̂nþ1 ¼ a0

Dt
qnþ1;

a kind of approximation not uncommon in the literature. Supposing mþ 1 P k for convenience, the error in this approx-
imation is evidently mr � unþ1

� þ OðDtkÞ. Put e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDt=a0

p
. From (29), the quantity w ¼ mr � unþ1

� satisfies
ð1� e2DÞw ¼ e2r � ðf nþ1 � Ekhnþ1Þ ¼: e2a1 in X; ð43Þ
n � rw ¼ �n � r�pnþ1 ¼: a2 on C: ð44Þ

Formally a1 and a2 are Oð1Þ. We expect a boundary layer, whose leading-order behavior may be described by taking the
boundary to be locally flat, a1 and a2 approximately constant, and presuming w depends only on the distance s to the
boundary. Then the leading-order solution in the boundary layer is
w � e2a1 � ea2e�s=e: ð45Þ
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Thus in this case one expects pressure error of order OðDtÞ in the interior, with a boundary layer error Oð
ffiffiffiffiffiffi
Dt
p
Þ. And

since @sw � a2 at s ¼ 0, the pressure gradient would have error Oð1Þ at the boundary, as one can also see directly from
(42).
3. The slip-correction incorporated into the boundary condition (30) is related to the second-order projection method of
Kim and Moin [18] in the following way. Corresponding to (29) Kim and Moin use a Crank–Nicholson time discreti-
zation for viscous terms and Adams–Bashforth for convective terms. Instead of (30) the boundary condition imposed
on the intermediate velocity is
unþ1
� ¼ gnþ1 þ Dtr/n; ð46Þ
where Dt /n in [18] corresponds to qn here, which is a first-order extrapolation approximating qnþ1. In [18], this bound-
ary condition is derived in Section 3 and appears two lines below (15). Eq. (4) of [18] is a discretized version of (32)
with qnþ1 replaced by Dt /nþ1. The potential /nþ1 is determined by solving a discrete Poisson equation to enforce
r � Unþ1 ¼ 0 discretely. This is done on a staggered grid ‘‘without the need for boundary conditions for /nþ1.” However,
Eq. (9) of [18], written after ‘‘incorporation of the velocity boundary conditions,” indicates that the discretization is
based on the single derivative boundary condition
Dt n � r/nþ1 ¼ n � ðunþ1
� � gnþ1Þ: ð47Þ

(For a similar observation see [28]. To be precise, (9) is obtained using the replacement

Dt
/nþ1ði;1; kÞ � /ði;0; kÞ

x2ð1Þ � x2ð0Þ
¼ ûnþ1

2 i;
1
2
; k

� �
� unþ1

2 i;
1
2
; k

� �
;

which corresponds to (47).) If one follows the advice in [22] to modify (46) and explicitly enforce normal-component
matching as in (33), the condition (47) becomes n � r/nþ1 ¼ 0.

3.2. Pressure-approximation schemes

An alternative way to achieve third-order accuracy efficiently and with good stability involves approximating the pres-
sure as determined by the formula (18). In particular, it was observed by Karniadakis et al. [17] (in a context involving
Adams–Moulton/Adams–Bashforth discretizations for formulas equivalent to (1), (2), (20) and (21) but without the commu-
tator formulae) that one can reduce the accuracy of approximating the curl–curl term in the boundary condition (21). For the
linear Stokes equations, Leriche et al. [21] studied the numerical performance of a number of spectral collocation schemes
from [17] based on backward differentiation. Their results indicated unconditional stability using third-order backward dif-
ferentiation together with second-order extrapolation for the curl–curl boundary condition. For a smooth test problem they
obtained third-order accuracy for velocity but less for pressure (as discussed below).

The following time-discretization scheme is close to ones studied in [17,21]: Let us use
hj
� ¼ uj

� � ruj
� ð48Þ
in place of (27). Fix a pair of integers ðk;mÞ with k P m > 0, and for convenience assume mþ 1 P k. (Again ðk;mÞ ¼ ð3;2Þ is
particularly interesting.) We update the intermediate velocity un

� by successively determining �f ; �P and unþ1
� to satisfy
�f ¼ f nþ1 � Ekhnþ1
� � 1

Dt

X
jP1

ak
j unþ1�j
� ; ð49Þ

D�P ¼ r � �f in X; ð50Þ

n � r�P ¼ �n � mr�r� Emunþ1
� þ ak

0

Dt
gnþ1

� �
þ n � �f on C; ð51Þ

ak
0

Dt
unþ1
� þ r�P ¼ mDunþ1

� þ �f in X; unþ1
� ¼ gnþ1 on C: ð52Þ
We refer to this scheme as the ðk;mÞ PA scheme (PA for pressure approximation). As before, we do not compute the diver-
gence-free velocity unþ1 ¼ unþ1

� � rqnþ1 as in (31) and (32) in each time step, but only as needed—for the final output, say.
(Derivatives of unþ1

� have weak boundary layers, as we shall see presently.)
Accuracy for velocity. We can study accuracy by applying P to (52). What �P is does not matter, since Pr ¼ 0. Exactly as

before, we get
Dkunþ1 þr�pnþ1 ¼ mDunþ1 þ f nþ1 � Ekhnþ1
� ; ð53Þ

�pnþ1 ¼ mpSðunþ1Þ � RðDkgnþ1Þ þ Qf nþ1 �QEkhnþ1
� : ð54Þ
This yields kth-order accurate discretizations of (1) and (18) (anticipating that the difference between hj and hj
� does not

matter, see below). But now the slip error at the boundary is only due to the decomposition (26):
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unþ1 ¼ gnþ1 �rqnþ1 on C: ð55Þ
If we recognize that
Quj
� ¼ qj þRðgjÞ; ð56Þ
since uj þrqj ¼ uj
� ¼ Puj

� þ rQuj
� ¼ uj �rRðgjÞ þ rQuj

�, and we write Fnþ1 ¼ f nþ1 � Ekhnþ1
� for simplicity, we see that Eqs.

(50) and (51) mean
�P ¼ mpSðEmunþ1
� Þ �

ak
0

Dt
Rðgnþ1Þ þ QFnþ1 � 1

Dt

X
jP1

ak
jQunþ1�j

�

¼ mpSðEmunþ1Þ � RðDkgnþ1Þ þ QFnþ1 � 1
Dt

X
jP1

ak
j qnþ1�j ¼ �pnþ1 � mpSðunþ1 � Emunþ1Þ � 1

Dt

X
jP1

ak
j qnþ1�j: ð57Þ
Since (52) means
Dkunþ1
� þ r�P ¼ mDunþ1

� þ f nþ1 � Ekhnþ1
� ;
comparing with (53) using uj
� ¼ uj þrqj yields
a0

Dt
� mD

� �
qnþ1 ¼ mpSðunþ1 � Emunþ1Þ; ð58Þ
with n � rqnþ1 ¼ 0 on C. From this we see that qnþ1 andrqnþ1 are formally OðDtmþ1Þ, meaning that unþ1 � gnþ1 ¼ OðDtmþ1Þ on
C. Thus if mþ 1 P k, both quantities unþ1 and unþ1

� are kth-order accurate approximations to velocity. The former has zero
divergence and the latter has no slip error.

The divergence wnþ1 ¼ r � unþ1
� ¼ Dqnþ1 can be expected to have a weak boundary layer, however. This is because, by

applying D and taking the normal derivative at the boundary in (58), we find
a0

Dt
� mD

� �
wnþ1 ¼ 0 in X; ð59Þ

n � rwnþ1 ¼ n � r �r� ðunþ1 � Emunþ1Þ on C: ð60Þ
A formal boundary layer analysis like that in remark 2 of the previous section yields (45) with a1 ¼ 0 and a2 ¼ OðDtmÞ,
whence wnþ1 � OðDtmÞee�s=e with e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDt=a0

p
. Therefore we expect the maximum norm to be Oð

ffiffiffi
m
p

Dtmþ1=2Þ and the L2 norm
to be Oðm3=4Dtmþ3=4Þ.

The presence of weak boundary layers in second derivatives of qnþ1 prompts concern over the accuracy of approximation
of hj

�, which replaces hj in (36). One has the identity
uj
� � ruj

� � uj � ruj ¼ ðr� ujÞ � ðrqjÞ þ 1
2
rðjuj

�j
2 � jujj2Þ: ð61Þ
On the right-hand side, the first term is OðDtmþ1Þ and the second term is a gradient. Then one sees
Phj

� ¼ Pðuj � rujÞ þ OðDtmþ1Þ and since mþ 1 P k, indeed (36) with hj
� for hj is a consistent kth-order accurate approximation

to (1) in this case.
Approximate pressure. If k ¼ mþ 1, then the quantity �P that appears in (50) and (51) is not a fully kth-order-accurate

approximation to the pressure corresponding to (18). Using (58) in (57) yields
�P ¼ �pnþ1 �Dkqnþ1 þ mwnþ1: ð62Þ
The error in the boundary layer should be dominated by the last term, being OðDtmþ1=2Þ in max norm (the one relevant for
boundary forces) and OðDtmþ3=4Þ in L2 for fixed m. This is quite consistent with the numerical results reported in tables VIII
and X of [21] for the pressure in the (3,2) HOS scheme of that paper, corresponding to k ¼ 3;m ¼ 2. Note that the error in
rwnþ1 and r�P should be OðDt2Þ in max norm in this case, in fact.

For the scheme (49)–(52), the quantities qj are not directly available. However, the pressure approximation
p̂nþ1 ¼ �pnþ1 �Dkqnþ1 ¼ �P � mr � unþ1
� ð63Þ
is computable without solving a further Poisson equation. This should be a kth-order accurate approximation to the pressure
corresponding to (18) for unþ1. For, formally Dkqnþ1 ¼ OðDtkÞ because the qj are OðDtmþ1Þ. The expression (54) for �pnþ1 is evi-
dently kth-order accurate except in the last term, where we have hj

� instead of uj � ruj. But by the identity (61), the difference
Qhj
� � Qðuj � rujÞ ¼ OðDtkÞ þ 1

2
juj
�j

2 � jujj2
� �

¼ OðDtkÞ: ð64Þ
Thus we expect (54), and hence (63), to be kth-order accurate.
Output. For output on time step N one probably wants to use the final velocity uN

� to compute a divergence-free velocity uN

as in (31) and (32), and the pressure pN that corresponds to uN via (18) (i.e., (20) and (21)).
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3.3. Pressure-update methods

Methods that update pressure approximations from previous time steps have been introduced by a number of authors,
especially including van Kan [30], Bell et al. [5], Timmermans et al. [29], and most recently Ren et al. [25], whose scheme is
formally third-order accurate. Here we describe a class of methods of this kind.

With basic notation as in the previous subsections, fix a pair of integers ðk;mÞ with k P m > 0, and suppose uj
�; q

j and Pj

are known for j 6 n. With uj given by (26), we determine unþ1
� ; qnþ1 and Pnþ1 from the following.
1
Dt

ak
0unþ1
� þ

X
jP1

ak
j unþ1�j

 !
þrEmPnþ1 ¼ mDunþ1

� þ f nþ1 � Ekhnþ1
; ð65Þ

unþ1
� ¼ gnþ1 on C; ð66Þ

Dqnþ1 ¼ r � unþ1
� in X; n � rqnþ1 ¼ 0 on C: ð67Þ

Pnþ1 ¼ EmPnþ1 þ ak
0

Dt
� mD

� �
qnþ1 ð68Þ
The divergence-free velocity unþ1 is given by (32) as usual. We refer to this scheme as a ðk;mÞ PU scheme. (PU for pressure
update.) Timmermans et al. [29] introduced what is essentially a ð2;2Þ PU scheme. The scheme of [25] is a ð3;3Þ PU scheme.

Accuracy for velocity and pressure. Applying P, exactly as in subsection 3.1 we find that unþ1 satisfies (36), with �pnþ1 given
exactly by (37). Thus the discretization of the momentum equation is kth-order accurate. Subtracting (36) from (65), we find
that
a0

Dt
� mD

� �
qnþ1 ¼ �pnþ1 � EmPnþ1: ð69Þ
By (68) this means that
Pnþ1 ¼ �pnþ1: ð70Þ
Thus by (37) this scheme provides a kth-order accurate approximation p̂nþ1 ¼ Pnþ1 to the pressure formula (18).
Slip error. It remains to consider the slip error unþ1 � gnþ1 on the boundary. By (70) it follows that the right-hand side of

(69) is Dtm@m
t p plus higher-order terms. Then formally qnþ1 ¼ OðDtmþ1Þ and the same holds for tangential derivatives. By (32)

it follows that the slip error unþ1 � gnþ1 ¼ OðDtmþ1Þ on C, and this indicates kth-order accuracy overall for the scheme if
mþ 1 P k.

4. Spatial discretization by C0 finite elements

To obtain fully discrete schemes from the time-difference schemes above using C0 finite elements, a key idea is to treat
the Stokes pressure (or curl–curl boundary condition) by using the weak formulation in (19), as was done in [16]. But this is
unnecessary for the ‘pressureless’ slip-corrected projection scheme of Section 3.1, whose discretization is fairly straightfor-
ward—we only have to describe how we handle the slip boundary condition.

We denote by hf ; gi ¼
R

X fg the inner product in L2ðXÞ and similarly hf ; giC ¼
R

C fg for the inner product in L2ðCÞ. Given a
discretization parameter h > 0, we let Yh be a space of C0 finite elements for approximating pressure and potentials, with
Yh 	 H1ðXÞ=R, the Sobolev space of functions with square-integrable gradients, modulo constants. Also let Xh be a space
of C0 finite elements for approximating the velocity field, with Xh 	 H1ðX;RNÞ having a nodal basis. Let
X0;h ¼ Xh \ H1

0ðX;RNÞ be the subspace of Xh consisting of vector fields that vanish on C.
The decomposition (26) into a divergence-free field and a gradient field with vanishing normal derivative at the boundary

means that qj is determined (up to constants) by requiring
hrqj;rwi ¼ huj
�;rwi � hn � uj

�;wiC 8w 2 H1ðXÞ=R: ð71Þ
For consistency the integral
R

C n � uj
� must vanish. Given a discrete field uj

�h 2 Xh that we desire to satisfy n � uj
�h ¼ n � gj on C,

where g satisfies the consistency condition (14), we determine the corresponding discrete decomposition as follows. We find
qj

h 2 Yh to satisfy
hrqj
h;rwhi ¼ hu

j
�h;rwi � hn � gj;wiC 8wh 2 Yh: ð72Þ
Then we write U j
h ¼ uj

�h �rqj
h. This need not belong to Xh; the terms uj

�h andrqj
h can be handled separately throughout. For

output, the vector field U j
h may be L2-projected into Xh.

Slip correction. To discretize the slip-correction schemes of Section 3.1, we suppose we have uj
�h and qj

h for all j 6 n, and
write
Hj
h ¼ ðr� uj

�hÞ � U j
h ¼ ðr � uj

�hÞ � ðu
j
�h �rqj

hÞ: ð73Þ
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The discrete momentum equations for determining unþ1
�h are
ak
0

Dt
hunþ1
�h ;vhi þ mhrunþ1

�h ;rvhi ¼ hFnþ1
h ;vhi 8vh 2 X0;h; ð74Þ
where
Fnþ1
h ¼ f nþ1 � EkHnþ1

h � 1
Dt

X
jP1

ak
j unþ1�j

h :
These equations suffice to determine unþ1
�h 2 Xh once we specify discrete boundary conditions of the form
unþ1
�h ¼ gnþ1 þ rnþ1

h on Ch; ð75Þ
where Ch is the collection of grid nodes on C. Then we find qnþ1
h 2 Yh by (72) and write unþ1

h ¼ unþ1
�h �rqnþ1

h as above.
The terms rnþ1

h lie in the space of boundary values of functions in Xh and approximate rEmqnþ1
h , which lies in rYh. For

consistency with volume conservation, we require
n � rnþ1
h ¼ 0 on Ch: ð76Þ
Consider a polygonal domain in 2D, whose boundary is the union of straight edges Ci. At corners where two edges meet,
there are two independent normals and this forces rnþ1

h ¼ 0. Along each edge Ci, the tangential component s � rnþ1
h must

be found in the space Zi
h of tangential components of functions vh 2 Xh that satisfy s � vh ¼ 0 at the endpoints of Ci. (When

Xh is a space of Lagrange piecewise polynomial finite elements, the space Zi
h is just a space of scalar Lagrange piecewise-poly-

nomial elements on Ci that vanish at the two endpoints.) To determine s � rnþ1
h , it is convenient to simply project the tangen-

tial derivative s � rEmqnþ1
h into Zi

h using the inner product in L2ðCiÞ.
This procedure will generalize naturally to 3D polyhedral domains. The condition (76) forces rnþ1

h ¼ 0 at corners where 3
faces meet. Two components vanish along edges where two faces meet, and the tangential component can be determined by
L2 projection of s � rEmqnþ1

h for each edge separately. Then the two tangential components on faces can be determined by L2

projection separately for each face.
We mention an alternative (and more expensive) method of imposing boundary conditions that led to some stability

problems in practice. Namely, in (75) we could simply take rnþ1
n to be the L2 projection of rEmqnþ1

h into Xh.
Pressure-approximation schemes. Discretization of the pressure-approximation schemes from Section 3.2 by C0 finite ele-

ments is based on the weak form Eq. (19) for pressure, as was used in [16,20]. With hj
h ¼ uj

�h � ruj
�h and writing
�f h ¼ f nþ1 � Ekhnþ1
h � 1

Dt

X
jP1

aju
nþ1�j
�h ; ð77Þ
we require �Ph 2 Yh to satisfy
hr�Ph;rwhi ¼ hmr� Emunþ1
�h ;n�rwhiC �

a0

Dt
hn � gnþ1;whi þ h�f h;rwhi ð78Þ
for all wh 2 Yh. The momentum equations read
a0

Dt
hunþ1
�h ;vhi þ hr�Ph;vhi þ mhrunþ1

�h ;rvhi ¼ h�f h;vhi 8vh 2 X0;h; ð79Þ
with the boundary conditions unþ1
�h ¼ gnþ1 on Ch.

5. Numerical tests in 1D

5.1. Single-mode Stokes flow in a periodic strip

To study stability and accuracy for the simplest kind of incompressible flows, we first consider the unsteady Stokes equa-
tions in the strip �1 < x < 1; y 2 R, with boundary conditions at x ¼ 
1:
@tuþrpSðuÞ ¼ Duþ f ; ujx¼
1 ¼ g; ujt¼0 ¼ u0: ð80Þ
We set the force and boundary velocity to zero:
f ¼ 0; g ¼ 0; ð81Þ
and look for normal-mode solutions that we write in the form
uðt; x; yÞ ¼ einy�rtðuðx; nÞ; ivðx; nÞÞ: ð82Þ
With
l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � r

q
; ð83Þ
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the equations reduce to the system
Fig
ð@2
x � l2Þu ¼ @xp; ujx¼
1 ¼ 0; ð84Þ
ð@2

x � l2Þv ¼ np; v jx¼
1 ¼ 0; ð85Þ
ð@2

x � n2Þp ¼ 0; ð@xp� n@xvÞjx¼
1 ¼ 0: ð86Þ
We see p ¼ c1 sinh nxþ c2 cosh nx. If for definiteness we take p as anti-symmetric,
p ¼ sinh nx; ð87Þ
we find
uðxÞ ¼ A
cosh nx
cosh n

� cosh lx
cosh l

� �
; A ¼ n cosh n

n2 � l2
; ð88Þ

vðxÞ ¼ B
sinh nx
sinh n

� sinh lx
sinh l

� �
; B ¼ n sinh n

n2 � l2
: ð89Þ
Now, we compute that at x ¼ 
1,
@xp� n@xv ¼ n cosh n� n2 sinh n

n2 � l2

n cosh n
sinh n

� l coshl
sinhl

� �
:

Imposing the boundary condition @xp� n@xv ¼ 0 at x ¼ 
1 and simplifying leads to
n coth n� n2

n2 � l2
l cot l� n coth nð Þ ¼ 0 ð90Þ
which can be simplified to read l tanhl ¼ n tanh n. This equation indeed implies @xu� nv ¼ 0 by a simple calculation using
(88) and (89). Since n is real, it is not hard to see l ¼ il̂ where l̂ is real and
�l̂ tan l̂ ¼ n tanh n: ð91Þ
In the numerical tests below, we will take n ¼ 1; l̂ ¼ 2:883355658589349, so that l̂ tan l̂þ n tanh n � 0 numerically.

5.2. Single-mode stability tests

To investigate the stability of fully discrete k-step schemes, we write the schemes with f ¼ 0 and g ¼ 0 as
A0unþ1 þ A1un þ � � � þ Akunþ1�k ¼ 0: ð92Þ
Looking for a normal-mode solution un ¼ jnu, we require ð
Pk

j¼0Ajj�jÞu ¼ 0 which is a polynomial eigenvalue problem for
z ¼ j�1. This can be rewritten as a generalized eigenvalue problem as usual – e.g., for a three-step scheme, k ¼ 2 and we
require
0 I 0
0 0 I

�A3 �A2 �A1

0
B@

1
CA

u
ju
j2u

0
B@

1
CA ¼ j

I 0 0
0 I 0
0 0 A0

0
B@

1
CA

u
ju
j2u

0
B@

1
CA: ð93Þ
The matrices Aj depend on Dt as well as the finite elements being used.
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1

1.1

Δt

(3,2) P1/P1
(3,2) P2/P1
(2,2) P1/P1
(2,2) P2/P1
(4,3) P1/P1
(4,3) P2/P1

. 1. Largest magnitude of eigenvalue vs. Dt. PA scheme. Thirty elements for each variable. Solid lines are theoretical results from Appendix A.



J.-G. Liu et al. / Journal of Computational Physics 229 (2010) 3428–3453 3439
We calculated the eigenvalues of largest magnitude for the generalized eigenvalue problem (93) as a function of Dt for
fixed n ¼ 1, using the Matlab function eigs. The results are plotted in Figs. 1–3 and are discussed below. We used a range
of time steps varying from large (Dt ¼ 1010) to small (Dt ¼ 10�5). The solid curves in Figs. 1 and 2 are determined by the
space-continuous normal-mode theory of Appendix A.
5.2.1. PA and SC schemes with m ¼ 2
The results for the (2,2) and (3,2) PA and SC schemes indicate that the eigenvalues always have magnitude less than 1. We

found this result insensitive to spatial resolution, and it holds with various finite-element pairs for spatial approximation
that were tested. This includes piecewise-polynomial approximations of equal order for both velocity and pressure, includ-
ing piecewise-linear elements (P1/P1). Similar results were found also for piecewise quadratic (P2/P2) and quartic (P4/P4)
elements. We will comment on the relation of these findings to the standard inf–sup stability condition in the Conclusions
section below.

This suggests unconditional stability for the (3,2) PA and SC schemes, which involve reduced-order extrapolation of pres-
sure or slip-correction terms. The result for the (3,2) PA finite-element scheme is consistent with the results reported by Ler-
iche et al. [21], in a square 2D domain with spectral collocation in space, using a ‘(3,2) HOS scheme’ that is equivalent to the
(3,2) PA scheme at the time-discrete level for the Stokes equations.
5.2.2. PA and SC schemes with m ¼ 3
We also tested (4,3) and (3,3) PA and SC schemes, which have unstable eigenmodes with jjj > 1 when Dt large. Only the

results for (4,3) schemes are shown, since the (3,3) results are quite similar. Again we found the results rather insensitive to
spatial resolution and the type of finite-element discretization.

The unstable eigenmodes were found to appear smooth and turn out to fit rather well a theory of normal modes for a
space-continuous version of (92) for which an explicit dispersion relation can be written that relates j to Dt and n. See
Appendix A for the details.
10−5 10−3 10−1 101 103 105 107 109
0.5
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0.7

0.8

0.9

1

1.1

Δt

(3,2) P1/P1
(3,2) P2/P1
(2,2) P1/P1
(2,2) P2/P1
(4,3) P1/P1
(4,3) P2/P1

Fig. 2. Largest magnitude of eigenvalue vs. Dt. SC scheme. Thirty elements for each variable. Solid lines are theoretical results from Appendix A.
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(4,3) P1/P1
(4,3) P2/P1

Fig. 3. Largest magnitude of eigenvalue vs. Dt. PU scheme. Thirty elements for each variable. Lines are interpolated to aid visualization.
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The theory indicates that for this single-mode problem, the (4,3) and (3,3) time-discrete schemes are stable for time steps
Dt less than a critical value Dtc independent of wave number n. Our numerical results suggest that this holds independent of
spatial resolution. This means that these schemes in 1D do not appear to be subject to a stability restriction of diffusive type
like Dt 6 Ch2, which becomes more restrictive as the grid is refined.

For the PA schemes this finding is not consistent with the corresponding results of [21] for 2D square domains, where
instability for all time steps was found for (4,3) and (3,3) HOS schemes. It is possible that instability for these schemes is
associated with presence of corners, so we performed numerical tests in a 2D domain with smooth boundary (a ring domain)
that are described in the next section.
5.2.3. PU schemes
The results for pressure-update (PU) schemes are reported in Fig. 3 and have a different character. Of course, one has to

augment Eq. (93) with pressure variables for PU schemes. The (2,2) and (3,2) PU schemes appear unconditionally stable only
for the P2/P1 velocity/pressure finite-element pair, which satisfies the standard inf–sup condition. With P1/P1 elements,
these schemes are unstable for small Dt, and almost neutrally stable (jjmaxj � 1) for larger Dt, with neutral modes dominated
by high-frequency oscillations in the pressure.

The (3,3) and (4,3) PU schemes are always unstable with P1/P1 elements. With P2/P1 elements, however, these schemes
exhibit a window of stability, with instability for both small Dt and for large Dt. The lower threshhold for stability appears to
get smaller as the spatial grid is refined, in a way we did not analyze. (The (3,3) PU scheme was described and tested using
finite differences by Ren et al. [25].)
5.3. Single-mode accuracy tests

We checked the accuracy of various finite-element schemes using an explicitly specified smooth solution
Table 2
Tempor

E n D

ku�
krðu
kv �
krðv
kp�
krðp
kp�
krðp
ðu; v; pÞ ¼ gðtÞeikyðuðxÞ; ivðxÞ;pðxÞÞ; gðtÞ ¼ cosðtÞ; ð94Þ
where uðxÞ;vðxÞ, and pðxÞ are given by (88), (89) and (87), respectively. The computational domain for x is ½0:1;0:9�. The forc-
ing functions f and g are determined so that the Stokes Eq. (80) hold.

Temporal accuracy. In Tables 2 and 3, we take time steps Dt ¼ 0:02=2k for k ¼ 0 to 4 and integrate to T ¼ 2 to do a temporal
accuracy check. We use P5 finite elements for both velocity and pressure. We refine the grid when reducing the time step so
that Dt=h remains constant (¼ 1), to make spatial errors less than temporal errors. The main quantity tabulated in all tables is
�log10E, where E is the quantity listed in the left-hand column. (This indicates the number of essentially correct digits in the
approximation.) In parentheses we also list the local convergence rate a for E. In Tables 3 and 2 this is determined from the
formula
a ¼ log10ðEk�1=EkÞ
log10ðDtk�1=DtkÞ

¼ log10Ek�1 � log10Ek

0:3010 . . .
: ð95Þ
(Note log102 � 0:3010. Values of a in the first column of the tables are based on values of E for a larger time step not shown.)
We only show results for the divergence-free approximate velocity uh ¼ ðuh;vhÞ. We use ph to denote the pressure obtained
from solving a discrete version of (20) and (21), and will use p̂h to denote the approximate pressure obtained without solving
any further Poisson equations – i.e., p̂h is based on (42) for SC schemes or (63) for PA schemes. Since discretization of these
formulas yields discontinuities across element boundaries due to the divergence term, we L2-project the result into the fi-
nite-element pressure space to facilitate computation of gradient errors. (In a number of cases we checked that one gets
essentially the same results by computing errors elementwise without projecting.)

The results of the temporal accuracy check all show third-order convergence in time consistent with the formal analysis,
except for rp̂h in the SC scheme at the finest resolution.

Spatial accuracy. Tables 4–7 contain results of tests of spatial accuracy using uniform grids with element size h ¼ 0:02=2k

for k ¼ 0;1;2;3;4, with time step Dt ¼ h3=2 to minimize temporal error, and integrate to time T ¼ 1. We use P2/P1 finite
al accuracy of the (3;2) PA scheme in 1D. �log10E (and local order a) vs. Dt. P5/P5 FE, T ¼ 2;Dt ¼ h.

t 0.01 0.005 0.0025 0.00125

uhkL1 7.2 (2.95) 8.1 (2.97) 9 (2.98) 9.9 (2.99)
� uhÞkL1 6.08 (2.95) 6.98 (2.97) 7.87 (2.98) 8.78 (2.99)
vhkL1 6.08 (2.95) 6.98 (2.97) 7.87 (2.98) 8.78 (2.99)
� vhÞkL1 5.19 (2.95) 6.08 (2.97) 6.98 (2.98) 7.88 (2.98)

phkL1 4.77 (2.95) 5.67 (2.97) 6.56 (2.98) 7.49 (3.08)
� phÞkL1 5.19 (2.95) 6.08 (2.97) 6.98 (2.98) 7.88 (2.98)

p̂hkL1 4.77 (2.95) 5.67 (2.97) 6.56 (2.98) 7.46 (2.98)
� p̂hÞkL1 5.19 (2.95) 6.09 (2.97) 6.98 (2.98) 7.72 (2.43)



Table 3
Temporal accuracy of the (3;2) SC scheme in 1D. �log10E (and local order a) vs. Dt. P5/P5 FE, T ¼ 2;Dt ¼ h.

E n Dt 0.01 0.005 0.0025 0.00125

ku� uhkL1 7.67 (2.87) 8.55 (2.92) 9.44 (2.95) 10.3 (2.98)
krðu� uhÞkL1 6.69 (2.89) 7.57 (2.93) 8.46 (2.95) 9.35 (2.96)
kv � vhkL1 6.69 (2.9) 7.57 (2.94) 8.46 (2.96) 9.36 (2.97)
krðv � vhÞkL1 5.92 (2.92) 6.81 (2.95) 7.7 (2.97) 8.6 (2.97)
kp� phkL1 5.58 (2.95) 6.48 (2.97) 7.38 (2.98) 8.51 (3.78)
krðp� phÞkL1 5.92 (2.92) 6.81 (2.95) 7.7 (2.97) 8.59 (2.97)
kp� p̂hkL1 5.59 (2.95) 6.48 (2.97) 7.38 (2.97) 8.25 (2.92)
krðp� p̂hÞkL1 5.91 (2.91) 6.8 (2.93) 7.68 (2.92) 8.06 (1.28)

Table 4
Spatial accuracy of the (3;2) PA scheme in 1D. �log10E (and local order a) vs. h. P2/P1 FE, T ¼ 1;Dt ¼ h1:5.

E n h 0.8/80 0.8/160 0.8/320 0.8/640

ku� uhkL1 7.74 (3.16) 8.68 (3.11) 9.61 (3.08) 10.5 (3.05)
krðu� uhÞkL1 4.94 (2.01) 5.54 (2) 6.14 (2) 6.75 (2)
kv � vhkL1 6.98 (3.29) 7.97 (3.27) 8.94 (3.25) 9.91 (3.21)
krðv � vhÞkL1 4.49 (2.04) 5.1 (2.01) 5.7 (2) 6.31 (2)
kp� phkL1 3.88 (2.02) 4.49 (2) 5.09 (2) 5.69 (2)
krðp� phÞkL1 2.66 (1.02) 2.97 (1.01) 3.27 (1) 3.57 (1)
kp� p̂hkL1 5.44 (2.75) 5.98 (1.82) 6.56 (1.9) 7.15 (1.97)
krðp� p̂hÞkL1 2.67 (0.999) 2.97 (0.998) 3.27 (1) 3.57 (1)

Table 5
Spatial accuracy of the (3;2) SC scheme in 1D. �log10E (and local order a) vs. h. P2/P1 FE, T ¼ 1;Dt ¼ h1:5.

E n h 0.8/80 0.8/160 0.8/320 0.8/640

ku� uhkL1 4 (1.68) 4.51 (1.69) 5.02 (1.7) 5.54 (1.71)
krðu� uhÞkL1 1.49 (0.671) 1.7 (0.683) 1.91 (0.696) 2.12 (0.705)
kv � vhkL1 6.71 (2.74) 7.54 (2.74) 8.36 (2.75) 9.18 (2.72)
krðv � vhÞkL1 4.05 (1.78) 4.58 (1.78) 5.12 (1.78) 5.65 (1.77)
kp� phkL1 3.88 (1.99) 4.48 (1.99) 5.08 (2) 5.68 (2)
krðp� phÞkL1 2.66 (1.02) 2.97 (1.01) 3.27 (1.01) 3.57 (1)
kp� p̂hkL1 5.35 (1.96) 5.95 (1.97) 6.55 (1.99) 7.15 (1.99)
krðp� p̂hÞkL1 2.67 (0.998) 2.97 (0.997) 3.27 (0.999) 3.57 (0.999)

Table 6
Spatial accuracy of the (3;2) PA scheme in 1D. �log10E (and local order a) vs. h. P2/P2 FE, T ¼ 1;Dt ¼ h1:5.

E n h 0.8/80 0.8/160 0.8/320 0.8/640

ku� uhkL1 7.75 (3.15) 8.68 (3.11) 9.61 (3.08) 10.5 (3.05)
krðu� uhÞkL1 4.94 (2.01) 5.54 (2) 6.14 (2) 6.75 (2)
kv � vhkL1 6.98 (3.29) 7.96 (3.27) 8.94 (3.25) 9.91 (3.21)
krðv � vhÞkL1 4.49 (2.04) 5.1 (2.01) 5.7 (2) 6.31 (2)
kp� phkL1 3.89 (2.02) 4.49 (2.01) 5.1 (2) 5.7 (2)
krðp� phÞkL1 4.26 (2.02) 4.87 (2.01) 5.47 (2) 6.07 (2)
kp� p̂hkL1 4.7 (2.16) 5.32 (2.06) 5.93 (2.02) 6.53 (2.01)
krðp� p̂hÞkL1 2.01 (1) 2.31 (1) 2.61 (1) 2.92 (1)

Table 7
Spatial accuracy of the (3;2) SC scheme in 1D. �log10E (and local order a) vs h. P2/P2 FE, T ¼ 1, Dt ¼ h1:5.

E n h 0.8/80 0.8/160 0.8/320 0.8/640

ku� uhkL1 5.31 (1.94) 5.89 (1.94) 6.48 (1.95) 7.07 (1.96)
krðu� uhÞkL1 2.6 (0.938) 2.89 (0.94) 3.17 (0.948) 3.46 (0.954)
kv � vhkL1 7.41 (3) 8.31 (3) 9.21 (3) 10.1 (3)
krðv � vhÞkL1 4.5 (2) 5.1 (2) 5.7 (2) 6.31 (2)
kp� phkL1 3.89 (1.99) 4.49 (1.99) 5.09 (2) 5.69 (2)
krðp� phÞkL1 4.29 (1.98) 4.88 (1.99) 5.48 (1.99) 6.08 (1.99)
kp� p̂hkL1 3.7 (1.13) 4.05 (1.16) 4.41 (1.18) 4.77 (1.2)
krðp� p̂hÞkL1 0.997 (0.119) 1.04 (0.154) 1.1 (0.178) 1.15 (0.193)
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elements respectively for velocity and pressure in Tables 4 and 5, and use P2 elements for both velocity and pressure in
Tables 6 and 7.

For the (3,2) PA scheme with P2/P1 elements, all errors in Table 4 exhibit the same convergence rate as interpolation. For
the (3,2) SC scheme, however, the velocity errors in Table 5 exhibit fine-scale oscillations near the boundary, particularly the
horizontal velocity, and the order of convergence is degraded. See the error plots in Fig. 4.

Results using P2 elements for all variables are in Tables 6 and 7. Note that while the pressure gradient rph exhibits sec-
ond-order accuracy in space (the same order as interpolation error for P2 elements), the pressure ph itself exhibits only the
same second-order accuracy, which is one order less than interpolation error. This may be due to a breakdown of the typical
duality argument for optimal approximation in the elliptic problem (10) that determines the Stokes pressure. The sharp esti-
mate from [19] in (22) indicates that the Stokes pressure gradient is a second-order operator on the velocity field, and con-
sequently the pressure is a first-order operator. The second-order accuracy in space for pressure with P2 elements is
consistent with this similarity to velocity gradients. We might then expect the pressure gradient to exhibit first-order accu-
racy (like second derivatives of velocity) instead of the observed second-order accuracy.

For the (3,2) PA scheme with P2/P2 elements, we remark that the error p� p̂h is smaller than the error p� ph. But the
former is dominated by grid-scale oscillations, resulting in gradient errors of similar magnitude.

The spatial convergence rates for the (3,2) SC scheme with the P2/P2 finite-element pair are less than optimal for hori-
zontal velocity and especially its gradient. The error u� uh appears to be dominated by high-frequency grid-scale oscillations
near the boundary. The pressure error p� p̂h based on the approximation in (42) is also dominated by oscillations in this
case. Note that only the vertical velocity vh is corrected by the projection step in this 1D problem—the horizontal velocity
is not affected by slip-correction.

6. Numerical tests in 2D

In this section, we report the results of tests on the stability, accuracy and benchmark performance of the PA and SC finite-
element schemes described in Section 3 for several basic 2D examples. All the finite-element computations are performed
using Lagrange piecewise polynomial isoparametric C0 finite elements of equal order for both velocity and pressure
[27,11]. For benchmark problems including driven cavity flow, flow over a backward-facing step and flow past a cylinder,
for the most part we use piecewise quadratic (P2) elements.

Our stability and accuracy tests all use the same explicitly specified smooth solution, given by
Fig. 4.
Dt ¼ h1
uex ¼ cosðtÞ cos2ðpx=2Þ sinðpyÞ; ð96Þ
vex ¼ � cosðtÞ sinðpxÞ cos2ðpy=2Þ; ð97Þ
pex ¼ cosðtÞ cosðpx=2Þ sinðpy=2Þ: ð98Þ
From top to bottom: error plots for (3,2) PA-P2/P1, (3,2) SC-P2/P1, (3,2) PA-P2/P2, and (3,2) SC-P2/P2 schemes. Forty elements for each variable.
:5 ¼ 0:0028, T ¼ 1.
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We take m ¼ 1, and use forcing f and boundary values g for velocity determined as necessary to yield the same exact solution
in each case.

The finite-element package we have implemented is in some sense an upgraded version of iFEM due to Long Chen (GNU
Licensed, see http://math.uci.edu/~chenlong/iFEM.html). iFEM is an adaptive piecewise linear finite-element package based
on MATLAB. It uses a beautiful data structure to represent the mesh and also provides efficient MATLAB subroutines to
manipulate the mesh (e.g., see [8,1]). In particular, local refinement and coarsening can be done fairly easily. For our pur-
poses, we have extended it to isoparametric Lagrange elements up to P5. The finite-element mesh is generated using Dist-
Mesh of Persson and Strang [23]. The contour plots on unstructured meshs are generated by the MATLAB routine
tricontour.m due to Engwirda [10].
6.1. Stability

We checked the nonlinear stability of several PA and SC finite element schemes by integrating the full NSE to time
T ¼ 10;000. The domain (a square with hole) and mesh used are shown in the left half of Fig. 5. If any element has an edge
on the circle, it is an isoparametric element. We used 324 P2 finite elements (dof = 740) for each variable.

With (3,2) PA and SC schemes, the computations were observed to remain stable to time T ¼ 10;000, for values of Dt as
large as 8 with errors no larger than Oð1Þ. Similar results were obtained for these schemes with P1 (piecewise linear) and
with P4 finite elements.

The (3,3) and (4,3) PA and SC schemes in a square with hole were observed to have a time-step restriction for stability of
possibly diffusive type. See Table 8.

For (3,3) and (4,3) PA and SC schemes in the annulus, we calculated the eigenvalues of largest magnitude using the Matlab
function eigs, adapting the formalism of Section 5.2 to the fully discrete scheme in 2D. The largest magnitude was observed
to be less that 1 for Dt less than a critical value Dtc that depends weakly on the mesh size, in the way reported in Table 9.
These results suggest that the phenomenon observed for these schemes in 1D, namely stability for small time steps indepen-
dent of mesh size, may indeed hold also for smooth 2D domains.
6.2. Temporal accuracy

We perform temporal accuracy checks in two different domains: an annulus, and a square with a hole. One has smooth
boundary, and the other has corners. We use P4 isoparametric finite elements. The coarsest meshes used are pictured in
Fig. 5. These meshes were used with Dt ¼ 0:04 for Tables 10–12. When Dt is reduced by half, one triangle breaks into 4
triangles.

Third-order schemes. We only show results for the (3,2) SC scheme, since results for the PA scheme are similar. See Tables
10 and 11. The pressure gradient shows slightly degraded accuracy in the square with hole. In Fig. 6 we show a mesh plot of
the pressure error in the square with hole for the (3,2) PA and SC schemes. One sees steep gradients near the corners, where
the formal analysis of Section 3 evidently breaks down. Max-norm errors are strongly affected by behavior in the corner, and
for this reason we tabulate L2 norms for pressure error and its gradient in Tables 10 and 11.

Second-order schemes. For purposes of comparison, in Table 12 we provide results of an accuracy check for a (2,1) SC
scheme, which is formally second-order accurate in time. We are not aware of previously published results using such a fi-
nite-element method, which is based on a time discretization close to the original Kim–Moin finite-difference scheme de-
scribed for a staggered grid in [18]. Comparison of Tables 11 and 12 indicates that for this smooth test problem the
third-order schemes are substantially more accurate than the second-order (2;1) SC scheme, with essentially the same cost.
Note that here we have nonhomogeneous boundary conditions and are using P4 elements with an unstructured grid in a
domain with corners and a hole.
Fig. 5. Finite-element meshes for stability and temporal accuracy checks. Square with hole: fðx; yÞjr2
6 x2 þ y2; jxj; jyj 6 Rg. Annulus:

fðx; yÞjr2
6 x2 þ y2

6 R2g. ðr;RÞ ¼ ð0:2;0:5Þ.

http://math.uci.edu/~chenlong/iFEM.html


Table 10
Temporal accuracy, (3;2) SC scheme in annulus. �log10E (and local order a) vs. Dt. P4 isoparametric FE, T ¼ 2.

E n Dt 0.02 0.01 0.005

ku� uhkL1 5.76 (2.58) 6.66 (2.99) 7.57 (3.04)
krðu� uhÞkL1 4.06 (2.93) 5.01 (3.13) 5.94 (3.1)
kp� phkL2 4.18 (2.5) 5.06 (2.93) 5.96 (2.98)
krðp� phÞkL2 3.68 (2.52) 4.56 (2.93) 5.45 (2.96)
kp� p̂hkL2 4.17 (2.52) 5.06 (2.94) 5.96 (2.98)
krðp� p̂hÞkL2 3.63 (2.8) 4.53 (2.99) 5.4 (2.92)

Table 11
Temporal accuracy, (3;2) SC scheme in square with hole. �log10E (and local order a) vs. Dt. P4 isoparametric FE, T ¼ 2.

E n Dt 0.02 0.01 0.005

ku� uhkL1 5.74 (3.64) 6.64 (2.99) 7.56 (3.04)
krðu� uhÞkL1 3.87 (3.44) 4.87 (3.31) 5.83 (3.2)
kp� phkL2 4.17 (3.71) 5.05 (2.94) 5.96 (3)
krðp� phÞkL2 3.53 (3.58) 4.38 (2.82) 5.21 (2.77)
kp� p̂hkL2 4.16 (3.71) 5.05 (2.95) 5.96 (3)
krðp� p̂hÞkL2 3.38 (3.5) 4.29 (3.03) 5.14 (2.82)

Table 12
Temporal accuracy, (2;1) SC scheme in square with hole. �log10E (and local order a) vs Dt. P4 isoparametric FE, T ¼ 2.

E n Dt 0.02 0.01 0.005

ku� uhkL1 3.61 (1.9) 4.21 (1.99) 4.82 (2.04)
krðu� uhÞkL1 2.09 (1.92) 2.69 (1.99) 3.3 (2.03)
kp� phkL2 2.02 (1.91) 2.61 (1.98) 3.22 (2.02)
krðp� phÞkL2 1.41 (1.84) 1.97 (1.87) 2.52 (1.84)
kp� p̂hkL2 2.02 (1.91) 2.61 (1.98) 3.22 (2.02)
krðp� p̂hÞkL2 1.41 (1.84) 1.97 (1.87) 2.52 (1.83)

Table 8
Largest time step for linear stability of PA schemes in a square with hole. N = number of refinements from grid in Fig. 5.

Dtc n N 0 1 2

(3,3) P1/P1 0.0448 0.0155 0.00067
(3,3) P2/P2 0.0002685 0.0000733 0.0000182
(4,3) P1/P1 0.0485 0.0168 0.00074
(4,3) P2/P2 0.0002909 0.0000805 0.0000200

Table 9
Largest time step for linear stability of PA schemes in annulus. N = number of refinements from grid in Fig. 5.

Dtc n N 0 1 2

(3,3) P1/P1 0.022 0.014 0.010
(3,3) P2/P2 0.007 0.005 0.005
(4,3) P1/P1 0.024 0.017 0.014
(4,3) P2/P2 0.011 0.011 0.010
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Fourth-order scheme in a smooth domain. We also provide results of an accuracy check for a (4,3) PA scheme in an annulus
(which has smooth boundary) in Table 13. For stability reasons the largest time step we take is Dt ¼ 0:01, smaller than that
used in the previous tables. The coarsest mesh used is that in Fig. 5, used when Dt ¼ 0:01. The results demonstrate better
absolute accuracy than the (3,2) SC scheme in Table 10 for comparable step sizes, but they fall short of fourth-order accuracy,
especially forrp̂h, whose absolute accuracy is rather good but does not improve with refinement in this test. It appears that
the error in p̂h in Table 13 exhibits fine-scale oscillations like in Fig. 4 for the (3,2) PA scheme with P2/P2 elements. The error
in ph and rph decreases steadily, however.



Table 13
Temporal accuracy, (4,3) PA scheme in annulus. �log10E (and local order a) vs Dt. P5 isoparametric finite elements are used. T ¼ 2.

E n Dt 0.01 0.005 0.0025

ku� uhkL1 8.42 9.52 (3.68) 10.6 (3.67)
krðu� uhÞkL1 6.97 8.03 (3.52) 9.07 (3.45)
kp� phkL2 7.59 8.71 (3.72) 9.85 (3.79)
krðp� phÞkL2 6.39 7.56 (3.89) 8.66 (3.64)
kp� p̂hkL2 7.57 8.7 (3.74) 9.84 (3.81)
krðp� p̂hÞkL2 6.12 6.58 (1.54) 5.83 (�2.5)
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at the vertices of triangles are used in the plots.
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6.3. Benchmark tests with finite elements

In this subsection, we test our schemes on the benchmark problems of driven cavity flow (with m ¼ 1=1000), flow over a
backward-facing step (with m ¼ 1=100 and m ¼ 1=600) and flow past a cylinder (with m ¼ 1=1000). We use P1 finite-element
or P2 and P4 isoparametric finite-element discretization. To save space, we only show results for the (3;2) SC and (3,2) PA
schemes. We emphasize the (3,2) SC scheme since the performance of the (3,2) PA scheme is always at least as good.

For the driven cavity flow, we compute the flow in the domain ½0;1� � ½0;1� and start from rest, impulsively imposing hor-
izontal velocity u ¼ 1 on the top boundary for t > 0. Following [7], we plot the contours of vorticity with values [�5, �4, �3,
�2,�1,�0.5, 0, 0.5, 1, 2, 3] and the contours of pressure with values [0.3, 0.17, 0.12, 0.11, 0.09, 0.07, 0.05, 0.02, 0, �0.002]. the
pressure is set to be zero at (0.5,0.5) which is the center of the cavity. (For the SC scheme, we report the pressure computed
from the final velocity field using (19), with the convective form of the nonlinearity and not the rotational form which yields
a different pressure.) The computational mesh used is a 64 � 64 stretched rectangular grid subdivided into triangles, one
refinement of the grid shown in [20]. We refer to computational results of [18,7] for comparison. Although we use a rather
coarse mesh, the vorticity and pressure contour plots agree quite well with [7].

For the backward-facing step, we compute the flow in the domain
X ¼ ½0; L� � ½�0:5;0:5� n ½0;0:5� � ½�0:5;0�
Fig. 7. Mesh used in backward-facing step flow computation when m ¼ 1=600 and in flow past a cylinder calculation when m ¼ 1=1000.
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0 0.5 1 1.5 2 2.5 3
−0.5

0

0.5

S

X
0 0.5 1 1.5 2 2.5 3

−0.5

0

0.5

S

X

Fig. 9. Backward-facing step. m ¼ 1=100. P1/P1 with 6640 P1 elements (dof = 3487) for each variable. hmin ¼ 0:00783; hmax ¼ 0:116, Dt ¼ 0:006; T ¼ 20.
X=S ¼ 2:84. Left: (3,2) SC scheme. Right: (3,2) PA scheme.

0 1 2 3 4 5 6 7 8 9 10
−0.5

0

0.5

X3

X1 X2

S

0 1 2 3 4 5 6 7 8 9 10
−0.5

0

0.5

S

X3

X1 X2

Fig. 10. Backward-facing step. m ¼ 1=600. 1700 P2 elements (dof = 3925) for each variable. hmin ¼ 0:0186; hmax ¼ 0:334, Dt ¼ 0:003; T ¼ 120. Top: (3,2) SC
scheme, X1=S ¼ 8:86; X2=S ¼ 15:5; X3=S ¼ 9:9. Bottom: (3,2) PA scheme, X1=S ¼ 8:86; X2=S ¼ 15:55, X3=S ¼ 9:9.

3446 J.-G. Liu et al. / Journal of Computational Physics 229 (2010) 3428–3453



J.-G. Liu et al. / Journal of Computational Physics 229 (2010) 3428–3453 3447
with no-slip boundary conditions everywhere except at the inflow boundary x ¼ 0 and the outflow boundary x ¼ L. We take
L ¼ 8 when m ¼ 1=100, and take L ¼ 20 when m ¼ 1=600. But we will only show results near the step. We start from rest and
gradually increase the boundary velocity ðu;vÞ to ð12yð1� 2yÞ;0Þ at the inflow boundary and ð�3y2 þ 3=4;0Þ at the outflow
boundary, with no net influx at each time. The time-dependent function we used for gradually increasing velocity is
ð1� cosðptÞÞ=2 on ½0;1�. So, when t is large, the mean inflow velocity is 1 which leads to Re=1=m when we use twice the step
size as reference length. The computational mesh for m ¼ 1=600 is shown in Fig. 7. Once the velocity field is obtained, we
calculate the stream function and then show its contour plot. Once again, we obtain results that agree rather well with
[2,18] using a rather coarse mesh.

For the flow past a cylinder, we follow the setup in [15]. Then the domain is ½0;2:2� � ½0;0:41�nðx� 0:2Þ2 þ ðy� 0:2Þ2 6 0:052g.
(Note that the hole is slightly off-center.) The time-dependent inflow and outflow profile (see Figs. 8–10)
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Fig. 11. Flow past a cylinder. m ¼ 1=1000. 763 isoparametric P4 elements (dof = 6322) for each variable. The velocity at t ¼ ½2;4;5;6;7;8�. Dt ¼ 0:0004.
hmin ¼ 0:00822. hmax ¼ 0:117. (3,2) SC scheme.
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m ¼ 1=1
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uðt;0; yÞ ¼ uðt;2:2; yÞ ¼ 0:41�2 sinðpt=8Þð6yð0:41� yÞ;0Þ ð99Þ
is prescribed. m is chosen to be 1=1000. Based on the maximum velocity Umax ¼ 1 and the diameter of the cylinder L ¼ 0:1, the
Reynolds number of the flow is 100. The computational mesh is shown in Fig. 7 and the contour plot of the stream function at
t=[2,4,5,6,7,8] is shown in Fig. 11.

For comparison with [15] we also calculate the drag and lift coefficients, denoted by cdðtÞ and clðtÞ, which are the x and y
components of the quantity
2
LU2

max

Z
S
m@nu� p n; ð100Þ
where S is the surface of the cylinder. Since our goal is to test the scheme, we faithfully calculate these quantities by surface
integration, instead of transforming them into volume integrals, which is known to be more accurate. We also calculate
when the maxima of cd and cl occur, and compute the pressure difference between the front and the back of the cylinder
DpðtÞ ¼ pðt;0:15;0:2Þ � pðt;0:25; 0:2Þ: ð101Þ
Since we use rotational form for the nonlinear term in the SC calculations, the pressure we obtained is different from the
standard pressure by 1

2 juj
2. But because u vanishes on the cylinder surface, we have used our pressure directly. As we have

mentioned, we do not need to solve an extra Poisson equation to obtain this pressure.
The results for both the (3,2) SC and PA schemes with P4 isoparametric elements are shown in Fig. 12. Agreement with the

reference results of [15] appears good, given that we use a grid roughly comparable to the coarsest grid (level 1) used in [15].
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If we follow [15] and use ½2:95092;0:47795;�0:1116� as reference values for the maxima of cd; cl and Dpð8Þ, the relative er-
rors of those quantities are
½0:73%; 0:08%; 0:11%� and ½0:11%; 0:25%; 0:02%�
for the SC and PA schemes, respectively. We have also used P2 elements instead of P4, with the same time step Dt ¼ 0:0004,
but with one global refinement of the mesh in Fig. 7, so that the number of degrees of freedom remains the same. Then the
relative errors in the maxima of cd; cl and Dpð8Þ change to
½3:19%; 2:10%; 0:14%� and ½0:33%; 1:65%; 0:40%�
for the SC and PA schemes respectively. We mention that if we increase Dt from 0:0004 to 0:0005, and keep the other param-
eters the same as in Fig. 11, the solution blows up around t ¼ 3 (after about 6000 time steps).
7. Conclusions

The well-posed formula (18) that expresses pressure in terms of current velocity and forcing fields, via the Laplace–Leray
commutator, has enabled us to study in a rather simple way the formal accuracy of time-difference schemes for incompress-
ible viscous flow. We used the commutator formula in (9) and the concept of Stokes pressure to explain the accuracy of exist-
ing pressure-approximation and pressure-update projection methods, to devise improved approximations for computation
of pressure, and to derive new higher-order slip-corrected projection methods. The slip-correction methods are closely re-
lated to the original Kim–Moin scheme from [18] which was devised for a staggered finite-difference grid. At the space-con-
tinuous level, the Kim–Moin scheme corresponds to a (2,1) SC scheme here with second-order Crank–Nicolson time
differencing and first-order extrapolation for slip correction.

Stability. Our numerical tests indicate that, with no more cost than traditional 2nd-order methods, one can achieve third-
order accuracy in time for both velocity and pressure, using (3,2) PA or SC schemes that retain stability with large time steps
at low Reynolds number. In tests in smooth domains it appears one may even achieve fourth-order accuracy using (4,3) PA or
SC schemes for the Stokes equations with a stability restriction on Dt that appears independent of the spatial grid size h. In
domains with corners, however, (4,3) and (3,3) schemes appear subject to a diffusive time-step restriction with the spatial
discretizations that we tested.

In general it is not clear just how the implicit treatment of viscous terms enhances stability, but the effect naturally
diminishes when viscosity becomes sufficiently small. Our tests on benchmarks involve Reynolds numbers in the hundreds,
and here we do encounter practical time step restrictions for stability of (3,2) PA and SC schemes. For these tests we find that
we need UmaxDt=hmin � Oð1Þ where hmin is the size of the smallest edge in the mesh and each edge contains kþ 1 grid points
for Pk elements. This appears roughly consistent with a CFL constraint based on the explicit treatment of convection terms.

Accuracy. An interesting fact seen in our formal accuracy analysis is that the projected (divergence-free) velocity satisfies
a discretized momentum equation that is fully implicit as regards the Stokes pressure (the viscous part of total pressure).
This is a consequence of the commutator formula in (9) and holds for many different projection and time-splitting methods.
It does not mean that we need to solve a coupled system for velocity and pressure, however.

The formal analysis indicates that, as with any of the known projection methods, weak boundary layers usually remain in
higher gradients of velocity and pressure. In the numerical tests for (3,2) PA and SC schemes, there are some indications of
degraded accuracy in such quantities, especially near corners in the domain. Improved understanding and handling of cor-
ners would be desirable. Future work is also needed to understand better the impact of spatial discretization on stability and
error, especially near boundaries.

Finite elements and the inf–sup condition. A potentially important finding in this paper is that for PA and SC schemes we
have observed good stability and accuracy in tests and benchmark problems using simple Lagrange finite elements of equal
order for velocity and pressure. This suggests that there is far more flexibility in choosing methods for space discretization in
schemes of this type than is traditionally possible for incompressible flow problems using finite elements without stabiliza-
tion techniques (as in [3,4], for example). For three-dimensional problems, for example, where complex mesh geometry may
demand a simple approach, a (2,2) or (2,1) PA scheme with piecewise linear elements (P1/P1) could be considered. (Our
numerical tests for a smooth test problem have indicated a substantial improvement in temporal accuracy with third-order
schemes, however.) Alternatively, for situations that demand high accuracy, high-degree elements might be used without
regard to velocity-pressure compatibility.

Many traditional finite-element discretizations of mixed formulations of the Stokes equations with divergence constraint
require the spaces for velocity and pressure approximations to satisfy the inf–sup (Ladyzhenskaya–Babuška–Brezzi) condi-
tion: there should exist c > 0 independent of the discretization parameter h such that
inf
qh2Yh

sup
vh2Xh

hr � vh; qhi
krvhkkqhk

P c > 0: ð102Þ
The role of this condition is to ensure stability and accuracy for the pressure as determined by the mixed formulation. But as
is well known, Lagrange finite elements of equal order for velocity and pressure fail to satisfy this condition.



3450 J.-G. Liu et al. / Journal of Computational Physics 229 (2010) 3428–3453
As we emphasized in Section 2, however, the pressure is necessarily determined by formula (18), for strong solutions of
the Navier–Stokes boundary value problem (1)–(3). This should mean that whenever one can compute an accurate velocity,
one can compute an accurate pressure from the weak form (19) or the Poisson BVP (20) and (21). The inf–sup condition (102)
should play no role in this. (See also [20] for more discussion, where stability of a C1 finite-element scheme for steady-state
Stokes equations is proved, by using simply the Lax–Milgram lemma instead of the inf–sup condition.) But while our numer-
ical tests are suggestive, we have no real reason why PA and SC schemes appear stable irrespective of the inf–sup condition,
while PU schemes do not. Clearly, much regarding the role of the inf–sup condition with regard to stability and accuracy of
projection methods remains to be explained.

Comparisons. The new slip-correction schemes appear to have stability properties similar to corresponding pressure-
approximation schemes. In our implementations, however, higher-order PA schemes seem to be somewhat more robust than
their SC counterparts in terms of spatial accuracy and accuracy near boundaries and corners. Pressure-update (PU) schemes
are somewhat simpler to describe and to code, but appear far less stable with finite-element pairs that violate the inf–sup
condition.

Finally, we remark that certainly one can consider schemes that combine the pressure-approximation, slip-correction,
and pressure-update strategies as we have discussed. This may involve additional cost per time step, but it allows one to
use lower-order extrapolation while retaining accuracy in the overall scheme. Whether such combinations might yield gains
in stability or mitigate deficiencies in individual strategies remains to be seen.
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Appendix A. Time-discrete normal modes in a strip

Here we describe how to determine normal-mode solutions for the time-discrete schemes of Section 3.1 (slip-correction)
and Section 3.2 (pressure-approximation), in the strip �1 6 x 6 1 as in Section 5.1. From this analysis we will get a stability
condition for the time step that is consistent with the numerical observations from Figs. 1 and 2, namely that the (4,3) and
(3,3) PA and SC schemes are stable for time steps below a critical value independent of spatial grid size.

With zero forcing and boundary velocity and neglecting nonlinear terms, we look first for solutions of the time-discrete
SC scheme (29)–(31) with the form
un ¼ jnuðx; yÞ ¼ jneinyðuðxÞ; ivðxÞÞ
with corresponding notation for un
� and qn. We will find it convenient to define
DkðzÞ ¼
X
jP0

ak
j zj; EmðzÞ ¼

X
jP1

bm
j zj:
We fix m ¼ 1. The SC scheme requires
1
Dt

ak
0u� þ

X
jP1

ak
j u

 !
¼ Du� in X; u� ¼ Emðj�1Þrq on C; ð103Þ

u� ¼ uþrq; r � u ¼ 0 inX; n � rqnþ1 ¼ 0 on C: ð104Þ
We write separate equations for u and q as in Section 3.1 by applying the projection P and using the commutator relation
ðDP � PDÞu� ¼ rp, where p ¼ pSðuÞ is the Stokes pressure. The equations for u and q correspond to (36) and (39) respec-
tively, and take the form
ðDkðj�1Þ � DÞuþrp ¼ 0; r � u ¼ 0 in X; ð105Þ

Dp ¼ 0 in X; n � rp ¼ n � ðD�rr�Þu on C; ð106Þ

uþ ð1� Emðj�1ÞÞrq ¼ 0 on C; ð107Þ

ak
0

Dt
� D

� �
q ¼ p in X; n � rq ¼ 0 on C: ð108Þ
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With y-dependence proportional to einy in the strip �1 6 x 6 1, and with
~lðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þDkðzÞ

q
; k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ak

0

Dt

s
; ð109Þ
and z ¼ j�1, the equations become
ð~l2 � @2
x Þ

u

v

� �
þ

@x

n

� �
p ¼ 0; @xu� nv ¼ 0 ð�1 < x < 1Þ; ð110Þ

ðn2 � @2
x Þp ¼ 0 ð�1 < x < 1Þ; @xp ¼ n@xv ðx ¼ 
1Þ; ð111Þ

u ¼ 0; v þ ð1� Emðj�1ÞÞnq ¼ 0 ðx ¼ 
1Þ; ð112Þ
ðk2 � @2

x Þq ¼ p ð�1 < x < 1Þ; @xq ¼ 0 ðx ¼ 
1Þ: ð113Þ

We can separately study modes for which pressure, for example, has even or odd symmetry. Looking first for the latter, we
find that solutions with divergence-free velocity tangent to the boundary take the form
pðxÞ ¼ A sinh nx ð114Þ

uðxÞ ¼ Bn
cosh nx
cosh n

� cosh ~lx
cosh ~l

� �
; ð115Þ

vðxÞ ¼ B
n sinh nx

cosh n
�

~l sinh ~lx
cosh ~l

� �
; ð116Þ

qðxÞ ¼ C
sinh nx
n cosh n

� sinh kx
k cosh k

� �
: ð117Þ
On the boundaries x ¼ 
1, these forms satisfy u ¼ 0 and @xq ¼ 0. The pressure boundary condition reads @xp ¼ n@xv ¼ @2
x u, so

it will automatically hold once the first component of (110a) is enforced. Imposing (110a) and the (113a) for q, we find that
A;B and C are related by the linear equations
Aþ
~l2 � n2

cosh n
B ¼ 0; ð118Þ

A� k2 � n2

n cosh n
C ¼ 0; ð119Þ
so that ð~l2 � n2ÞnBþ ðk2 � n2ÞC ¼ 0. Imposing the boundary condition (112b) for v and using this relation for B and C leads to
the equation that determines the growth factor j, which we write in the form
Foðz;Dt; nÞ ¼ 0; z ¼ j�1; ð120Þ
with Fo defined via
Foðz;Dt; nÞ
cosh ~l

¼ n tanh n� ~l tanh ~l� SðzÞ n tanh n� n2

k
tanh k

 !
; ð121Þ

SðzÞ ¼ Dt
ak

0

DkðzÞð1� EmðzÞÞ: ð122Þ
The factor cosh ~l is introduced in order to remove the poles arising from tanh ~l. This makes Fo an entire (i.e., globally ana-
lytic) function of z.

For the mode with pressure having even symmetry, p ¼ cosh nx, similar calculations lead to the dispersion relation
Feðz;Dt; nÞ ¼ 0; ð123Þ

Feðz;Dt; nÞ
~l sinh ~l

¼ n coth n� ~l coth ~l� SðzÞ n coth n� n2

k
coth k

 !
: ð124Þ
Again, Fe is an entire function of z.
It turns out that exactly the same single-mode dispersion relations govern the time-discrete PA scheme.
Numerical study via winding number. To count all unstable odd modes (and similarly for even modes), for given values of

Dt and n, we want to count all solutions of (120) for which jzj < 1. From basic complex function theory, the number of solu-
tions of (120) satisfying jzj < R, counting multiplicity, is the winding number around zero of the closed curve FoðRc;Dt; nÞ,
where c parametrizes the unit circle:
cðhÞ ¼ eih; 0 6 h 6 2p: ð125Þ
If there are no zeros satisfying jzj ¼ R, then the winding number is an integer, the total change in the complex argument di-
vided by 2p. It turns out there is always a trivial zero at z ¼ 1, since Dkð1Þ ¼ 0 and ~l ¼ n. It is convenient to remove this zero
and scale amplitudes, by defining
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Fig. 13. Largest stable time step Dtc vs. n according to normal-mode theory.
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~FðzÞ ¼ Foðz;Dt; nÞ
1� z

; f ðzÞ ¼
~FðzÞ

ð1þ j~FðzÞjÞ7=8 :
(The parameter 7
8 is just a convenient number close to 1.) Thus, the quantity
NðRÞ ¼ 1
2p

Z 2p

0
d arg f ðReihÞ
� �

; ð126Þ
the winding number of f ðRcÞ around zero, is the number of zeros of Fo satisfying jzj < R, excluding z ¼ 1 (once, in case of
higher multiplicity).

We compute the winding number NðRÞ numerically using a simple adaptive stepping algorithm. We evaluate
fj ¼ f ðR exp ihjÞ for 0 � h0 < h1 < � � � < hn ¼ h0 þ 2p, and accumulate

Pn
j¼1 argðfj=fj�1Þ=2p � N. The values hj are determined

successively by doubling or halving the step hjþ1 � hj to keep j1� fjþ1=fjjwithin specified tolerances. This controls the relative
change in arg f and jf j, and works well even when there is a zero of f very close to the circle jzj ¼ R.

Using bisection in R for NðRÞ, we can then find rather accurately (to a tolerance s ¼ 0:0005 with no difficulty) a value R for
which the winding number satisfies NðRÞ ¼ 0 < NðRþ sÞ. Then 1=R is approximately the largest magnitude of any amplifi-
cation factor j for a mode with odd pressure in the space-continuous scheme. We perform the corresponding calculation
for even pressure modes and take the max. The results provide the solid curves in Figs. 1 and 2.

Recall that in Figs. 1 and 2, the results for the (3,3) and (4,3) schemes indicate that for n ¼ 1 there is a largest stable time
step Dtc > 0 independent of spatial resolution. The present normal-mode theory suggests that this remains true uniformly
for all wave numbers n. We compute Dtc as a function of n by fixing R ¼ 1 and using bisection in Dt to find the largest Dt
where N ¼ 0. The results are plotted in Fig. 13, and indicate that Dtc increases with n but remains strictly positive in the limit
n! 0. (For n ¼ 0:01;Dtc is 0.539 for the (4,3) scheme and 0:349 for the (3,3) scheme.) For the (4,3) scheme with n ¼ 1 the
critical time step Dtc ¼ 0:63 which compares well with the results in Figs. 1 and 2.
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