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Abstract

In this paper we introduce a new design of holonomic om-
nidirectional vehicle. The holonomic mechanism allows the
vehicle to maneuver in an arbitrary direction from an arbi-
trary configuration on a plane. This significantly simplifies
control problems and improves positioning accuracy. A fun-
damental method of obtaining omnidirectional motion with
holonomic constraints with the floor, using a mechanism with
spherical tires, is presented. Kinematic analysis of this mech-
anism gives the vehicle Jacobian relating actuator velocities
to the vehicle velocity components. Analysis of lateral tire
slip during vehicle rotation allows slip reduction methods. A
prototype vehicle using this special mechanism and a comput-
erized control system is designed and tested. In addition to
rotation, the vehicle can perform very accurate translational
motions, in two orthogonal directions, arbitrarily termed for-
wards and sideways. Motions in these two D.O.F.’s (degrees
of freedom) are decoupled from each other and are insensitive
to variations in ground friction coefficient.

1 Introduction

There is a great need for highly maneuverable vehicles to
operate in industrial [1] and other [2] environments. In man-
ufacturing industries, for instance, vehicles are required to
maneuver in crowded environments and position their pay-
load accurately at manufacturing stations. The goal of this
paper is to develop a highly maneuverable, accurate vehi-
cle that allows for holonomic, omnidirectional motion on a
plane.

The importance of holonomy as a property of a vehicle is
profound. As defined in standard textbooks [3], 2 holonomic
system is a system that has the same number of independent
virtual displacements as the number of generalized coordi-
nates to locate the system. We need three generalized coor-
dinates to locate a vehicle uniquely on a plane. Therefore,
a holonomic omnidirectional vehicle is a vehicle for which
all three independent planar motions, two translational and
one rotational, are admissible at a non-zero velocity from
arbitrary configuration.

This holonomy enables vehicles to maneuver in crowded
environments, as demonstrated by the well known illustra-
tion in Figure 1. It is, however, important to note that om-
nidirectional motion alone is not sufficient for holonomy.
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Figure 1: Typical maneuvering trajectories for 2
D.O.F. and omnidirectional vehicles.

In the past, various mechanisms have been developed
that include several independently steerable wheels {4]. Of
these, some are capable of continuously varying their head-
ing through 360°, and as such may be termed omnidirectional
but, strictly speaking, they are not holonomic. Most of them
need to orient their wheels in the desired direction prior to
the movement of the body in that direction. It is not al-
ways possible for such vehicles to negotiate a trajectory with
discontinuous heading without incorperating a time delay
during which the wheel orientation can be changed.

The holonomic vehicle we will discuss in this paper does
not need any wheel reorientation, nor have any singular
point. It is allowed to move in any direction immediately
at any configuration. The vehicle can be viewed as an XYo
positioning table with an infinite work space. Such a vehi-
cle mechanism significantly simplifies control problems and
allows for improved maneuverability and accuracy.

An existing device avoids the nonholonomic constraints
on conventional wheels by attaching an array of rollers
around the circumference, the axis of the rollers being skewed
to the axis of the wheel [5]. Independently controlling the
angular velocity of the wheel and rollers allows 2 D.O.F. mo-
tion, however, due to the mechanism complexity required to
provide power to the circumferential rollers, they are usually
passive [6]. Roller rotation is thus controlled by construct-
ing a vehicle with several interacting omnidirectional wheels
(usually four), providing the vehicle with a closed kinematic
chain structure in the presence of sufficient floor friction.
The wheels are configured such that specifying the angular
velocity of all the wheels uniquely determines the angular



velocity of the rollers, thus allowing 3 D.O.F. vehicle motion
to be controlled [7]. The Jacobian relating wheel angular
velocities to vehicle velocities is found to be fully coupled
8]. Dead reckoning and wheel slip detection algorithms have
been developed [9], and several industrial applications have
been found [7].

In this paper, an alternative omnidirectional vehicle is
presented. The new vehicle consists of all active components
and allows for completely decoupled, holonomic motions in a
two-dimension work space. Accurate forward and sideways
motions are achieved in the face of uneven frictional distri-
bution of the floor.

2 A new (holonomic) omnidirectional
vehicle system
2.1 A spherical tire mechanism

Figure 2: Omnidirectional spherical tire mechanism.

Consider spherical tires (balls) as shown in Figure 2, in-
stead of disk shaped wheels. An inertial reference frame
O(z,y, z), is fixed to the ground. In order to transmit torque
to the balls, as well as to guide the balls, we use a pair of rods
parallel to the y axis. These rods are kept in contact with
the balls at points I,J, K and L and the position reference
point for the mechanism, S, is fixed at the end of one rod
also as shown in Figure 2.

Let the system parameters be as follows:

R = Radius of the balls.

r = Radius of the rods.

h, = Height of points I,J, K and L above z — y plane.

Motion in the y direction is achieved by moving the balls
along the length of the rods. Sliding is prohibited and thus
the balls rotate about axes parallel to the z direction. Motion
in the z direction is achieved by rotating the rods about their
axes which in turn rotates the balls about axes parallel to
the y direction. The system has two admissible independent
virtual displacements (D.O.F.’s) §, and &,.

A complete set of generalized coordinates for the system
is as follows:

 (y) = z (y) coordinate of mechanism reference point, S.
¢ = angular position of rods about axes.
p = distance between points S and I.
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2.2 Kinematics of mechanism

Now, assuming no slippage between the balls and the
ground and the balls and the rods, we find the relationship
between (z,y) and (4,p).
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Figure 3a: Section through vehicle in z — z plane
before and after motion Az.

To consider motion in the z direction let us examine a
section in the 2 — z plane as shown in Figure 3a. Let us
rotate the rods through angle A¢. The resultant rotation
of the ball about an axis parallel to the y direction will be
through angle a. The no slip constraint between ball and
rod yields:

rA¢ = Ra (1)

For no slip between the ball and the ground the displacement
of point § in the z direction is given by:

Az = Ra =rA¢ (2)

Note that the diameter of the ball is irrelevant.
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Figure 8b: Section through vehicle in y — z plane
before and after motion Ay.

Similarly to consider the motion in the y direction let us
examine a section in the y — z plane showing one ball as
in Figure 3b. Let the center point of the ball be M and
the points of contact with the ground and rod be N and I
respectively. Let the ball rotate through angle 8 about an
axis paralle]l to the z direction. The new point of contact
between the ball and the ground is N’ while the new point
of contact between the ball and the rod is I'. The distance
between I and S, originally p, becomes the distance between
I' and S, namely p'. The change in the y coordinate of S is
Ay where:

Ay=(h, —R)B+RB =h,8 (3)



Also:
Ap=p' —p=—(h. - R)B (4)

Combining (3) and (4):

ke _ap )

Ay=-3—"%

Note from equations (2) and (5) that the two variables
Ap and A¢ are a complete and independent set of general-
ized coordinates to locate the vehicle position, S(z,y). Both
geometric constraints (2) and (5) are holonomic as they are
expressions relating generalized coordinates [3].}

Choosing an appropriate location for the origin of the
inertial reference frame we can combine equations (2) and

(5) to give:
z | _|r 0 '3
R L

An arbitrary linear velocity v = [,§]T can be generated;
the vehicle can be moved in an arbitrary direction within the
horizontal plane.

2.3 Basic construction

We construct a vehicle using two of the 2 D.O.F. holo-
nomic spherical tire mechanisms shown in Figure 2. These
units will be referred to as ‘tracks’ here-on-in. The two tracks
are a fixed relative to each other in the vehicle chassis as
shown in Figure 4.

rear track

Figure 4: Basic construction of omnidirectional ve-
hicle.

17t should be noted at this point that we do not describe the
orientation of the balls by the generalized coordinates. If this
had been the case, the system would not be holonomic as there
would be four independent generalized coordinates, (z,y and two
angles defining ball orientation),but only 2 D.O.F's. The physi-
cal interpretation is that vehicle position (z,y) does not uniquely
define the ball orientation. However, as we are not interested in
ball orientation, but just the vehicle position, this system can be
described as holonomic.
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We choose a new position reference point G(zg,ys) such
that G is fixed in the center of the vehicle. The existing
mechanism parameter definitions remain. We define the new
parameters as follows:

1, = tred. Length of track over which balls contact ground.
1., = wheelbase. Distance between track centerlines.
We redefine the mechanism variables as follows:
¢4 (¢») = angular rotation of rods in front (rear) track.
p# (p.) = distance from end of rod to point of contact with
first ball in front (rear) track.

Since we assume no slippage:
br=0¢-=¢ (™M

A crawler mechanism is employed which allows for infinite
motion in the direction parallel to the rods by recirculating
the balls to ensure that there are always balls between the
rods and the ground. The mechanism comprises a belt which
moves the balls along the rods thus changing p; and pr.
The belt in each track is driven through a sprocket and the
angular position of the sprockets in the front and rear tracks
are not constrained to be equal. Thus we define:

r, = pitch radius of sprockets.

¥s (¥») = angular position of sprockets in front (rear)
track.
Hence:

pr = ras pr= TPy (8)

Independently driving 7 and ¢, allows a third D.O.F,
vehicle rotation, and accordingly we define a third vehi-
cle generalized coordinate in addition to the position of
G(ze, ya):

6 = angle between rod centerlines and y axis measured in a
positive sense about the z axis.
Now if v, = z'g, vy = ¥g and w = 6 then:

v ¢
[ vy ] = [ J ‘/{! (9)
w ¥r

We will now derive J for the case when 8 = 0. First we
obtain the equation for motion in the z direction by differ-
entiating equation (6):

ve=r¢ (10)

Next, in order to find the equation for motion in the y direc-
tion, let us define:

ys (y») = y coordinate of center of front (rear) track.
From equations (6) and (8):

*

. . hr ;
i vy iy v A ()

. he . ke
Yr = _hr _RPr = —h, — Rrﬂ/’r (12)

Now the front and rear tracks are fixed to each other and
therefore y will vary linearly as we move along the wheelbase




of the vehicle. G is in the center of the vehicle.
Therefore:

v = o = (s +4r) = —z(h—';':’f)(vﬁ: +9)  (13)

Finally, consider virtual displacements §y; and 8y, with
8ys # by. resulting in virtual vehicle rotation, as shown in
Figure 5. Some tire slip will occur during vehicle rotation as
analyzed in the next section. However, here we assume that
the tires at the center of the track do not slip. This gives us
the magnitude of the virtual rotation:

50 M (14)

front track

orientation after

rear track small rotation

e .| initial vehicle
orientation

Figure 5: Virtual displacements in track position Sy;
and 8y, resulting in virtual rotation 50.

Combining equations (11), (12) and (14):

j - ." ‘h' ; .
yjlwy = _lw(;r _R)(¢f—¢1') (15)

Equations (10), (13) and (15) give us the Jacobian:

vg r 0 0 é
A 4
[ v |=|0 -mittm —xitm || v | o)
w 0
Equations (10), (13) and (15) are holonomic constraints

i s 3} ¥r
as each is integratable into an expression relating generalized
coordinates only. Therefore the system is holonomic as all its
motion constraints are. Indeed it has a set of three complete
and independent generalized coordinates, (z¢,v6,0), and 3
D.O.F’s.

However note that (6,v7,%,) do not uniquely define
(z6,yc). Rather variations of (8,%y,%,) with time must
be known as the effect of infinitesimal changes (56, 8¢y, §¢-)
on (zg,yc) depends on the orientation 8. In contrast @ can
be calculated at any instant in time from the absolute values

¥y and ¢,

3 Tire slip analysis

In this section we will analyze tire slip during vehicle ro-
tation and obtain a method for alleviating the tire slip prob-
lem. To achieve translational motions all the balls move
with equal angular velocity vectors, (¥ = 4,), however to
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avoid slip during vehicle rotation each ball requires a differ-
ent angular velocity vector. This cannot be achieved with
the mechanism described by Figure 4 as all balls in the same
track are constrained to move with the same angular veloc-
ity vector, and hence some tire slip will occur during vehicle
rotation. The magnitude of this slippage will first be evalu-
ated. Let us define the parameter to be minimized, the slip
ratio v, given by:

_ lvs|
7= o (17)
where:
vs = maximum slip velocity between any tire and ground.
w = angular velocity of vehicle.

Let the vehicle coordinates (z,y,8) = (0,0,0) such that G
and O coincide. A desired arbitrary motion, [v.,vy,w]T, can
be represented by a rotation at angular velocity w about an
instantaneous center, E(zg,yr), as shown in Figure 6.

rear track front track E (xg.yg)
(]
EV: y
1e 0.G X
v
Va
Vo
le

Figure 6: Arbitrary vehicle velocity represented by
rotation w about point E.

Let A, B, C and D be the corner points of the vehicle.
The maximum slip velocity must occur at 4, B, C or D.
Let v4z and vy be z,y components of velocity of point 4
if desired rotation about E occurs. Let v';, and vk, be z,y
components of velocity at which the tire at point A is driven,
as specified by the inverse of Jacobian (16), to rotate about
E.

The difference between the actual velocity of a point and
the velocity at which the tire at that point is driven is the
slip velocity at that point.

To achieve the desired rotation about E, the required
translational motion of point G, v, is:

v=wxEG (18)

where: EG = [-z8,—y=]T

vz and vy are obtained directly by substituting [-zg, —yg]T
to (18).

hence:

vy = ypw vy = —zpw (19)




Substituting (19) into the inverse of Jacobian (16):

¢ : 0 0 ve
; — 0 (=R _lu(r.—R _ 2
b | =e| 0 R R [ == ] (20)
¥r 0 -5 2rehe 1

which determines the angular velocities of the rods, éS, and
of the drive sprockets in the front and rear tracks, ¢;, and
¥, respectively.

From equations (10) and (20) it is seen that points 4,B,C
and D are all driven in the z direction at speed:

Ujﬂz = VIE: = ”'C‘z = vbl = ¢" = WYE (21)

Combining equations (11) and (20) gives the speed at which
points A and B are driven in the y direction.

o h. (h'—R)(zE_!f)_
Vay =By = TR R™Y rohe =

Combining equations (12) and (20) gives the speed at which
points A and B are driven in the y direction.

hr (h' — R)(CE + 15") _

' r
Yoy =¥py = “p— RV rohir

Now to achieve the desired angular velocity about E the
actual velocity of point A is given by:

VA =wX EA (24)
where EA=[-ze+ L%_ —yE — '?ﬁ]T
hence

VA= [w(ys + 15'), —w(zp — %)]T (25)

Similarly we can obtain velocities at points B, C and D.

It is seen that vl = v, = vay = vBy and v, = vp, =
vey = vpy and therefore there is no slip in the y direction.
However:

l l
”:4: — UAz = WYE — w(yE + %) = _w% (26)

Consequently slip velocity at A is —wl,t in z direction. Sim-
ilar results are obtained for points B, C and D.

Equation (26) shows that maximum slip occurs with equal
magnitude and in opposite directions at opposite ends of each
track. Hence there is no slip at the center of each track. This
is the assumption which was made in the derivation of equa-
tion (14) and consequently the Jacobian. Equation (26) also
show that the magnitude of slip is linearly dependent on the
position along the length of the track and that it is indepen-
dent of the wheelbase, I, or the position of E. If the center
of mass is at the center of the vehicle, G, and the coeffi-
cient of friction between the tires and the floor is constant,
then by symmetry vehicle rotation will indeed be about G.
Hence there will be no slip at the center of each track and
the assumption is valid. Driving the rods and sprockets as
specified by the Jacobian will result in the desired motion,
rotation about E.
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—w(en - 2) (22)

= —u(en+2) (23)

Tire slip occurs in the z direction only and slip ratio is in-
dependent of the wheelbase of the vehicle,ly and the position
of E:

_lvsl _ ¢

v= ™ 2 (27)
A desirable way to minimize the slippage during rotation
would be to produce rods which could be driven with an
angular velocity gradient along their length. This would en-
tail a very complex mechanism. A more feasible method of
limiting the slip to an acceptable level is simply to limit the

length I;.

4 Prototyping
4.1 Mechanical design

Figure 7: View of underside of vehicle, cut away to
show mechanism.

We have built a prototype vehicle implementing the new
principle, as illustrated in Figure 7. The overall dimensions
of the vehicle are 8.5” x 8.5” and construction is essentially
from aluminum.

The chassis of the vehicle comprises two parallel track
like structures, rigidly fixed to each other. Inside each track
the chassis holds two rubber coated steel rods. Thrust and
radial bearings at each end of these rods support the vehicle
with minimal friction. Rubber balls in turn support these
rods from the ground. The rods are rotated by brushed
permanent magnet d.c. motors, through a gearbox and a
toothed belt. Although ¢; = ¢» = ¢ it was decided that two
motors would be used, (one for each track), to independently
drive ¢ and ¢,. This allows control of power distribution
and may be useful in negotiating adverse terrain.

The ball recirculating mechanism consists of two roller
chains, one on either side of the track, with rollers span-
ning the two at regular intervals. The balls sit between
these rollers, with minimal clearance to minimize backlash.
The chains are driven through gearboxes and sprockets us-
ing brushed permanent magnet d.c. motors, one for each
track. As the chains move, the rollers push the balls along
the length of the rods, changing p; and p», thus causing ve-
hicle motion. The rollers push the balls on their ‘equators’
such that simultaneous rotation of the rods will not cause




slippage but rotation about the contact point. In reality the
contact will be over a small area, generating friction that
would cause slight coupling between the two translational
D.O.F.’s. The use of Teflon for the rollers minimizes this
effect.

4.2 Control system

We aim to control the position and orientation of the ve-
hicle in real time. A control system has been implemented
on an I.LB.M. PS 2, based on the kinematics of the vehicle
and a dead reckoning algorithm [9], as shown in Figure 8.
We plan to use dead reckoning for long distance navigation
as this provides the flexibility of having all sensors on-board.

A trajectory is input in real time in the form of a position
reference which is recursively updated on each control period.
This information currently comes from a trajectory planner
into which a human operator inputs the new desired vehicle
coordinates, G,(z,y,60). A trajectory is planned which varies
all D.O.F’s simultaneously taking the most direct route. The
vehicle velocity is ramped from zero to a specified velocity,
the vehicle then travels at this constant velocity for some
time then the velocity ramps down to zero at the desired lo-
cation. Alternatively, trajectories could be pre-programmed,
generated automatically [10], [11], or input in real time using
a 3 D.O.F. joystick.

o
4

Figure 8: Block diagram for control system imple-
mented for prototype vehicle.

The position reference is input to the trajectory control
loop and compared to the calculated current vehicle posi-
tion. A gain K applied to the position error provides a cor-
rective velocity vector command relative to the inertial refer-
ence frame O, (2,y,6). A coordinate transformation matrix
T transforms the velocity command to a frame of reference
fixed on the vehicle, to account for the orientation 6. This
allows the transformed velocity command to be entered into
the inverse of the Jacobian from equation (16) which was
derived for the case 8 = 0.

cosf sinf 0
T=| —sin@ cos® 0 (28)
0 0 1

The inverse Jacobian gives the motor velocities required
for the desired motion and these are given as reference inputs
to the local motor velocity control loop. Encoders placed on
each motor shaft measure the angular position and the aver-
age shaft velocity in each sampling period is determined by
dividing the change in shaft position by the sampling period.
These motor velocities are compared to the velocity reference
input from the inverse Jacobian. A P.LD. operation on the
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difference assures that the actual motor velocities track the
required velocities as close as possible.

The motor velocities are also fed back to the trajectory
control loop. The Jacobian from equation (16) gives the
actual vehicle velocity relative to a frame of reference fixed
on the vehicle from the motor velocities. The dead reckoning
algorithm [9], is then used to update the calculated vehicle
position as follows:

Let £, be time at beginning of sampling/control period.

Let t; be time at end of sampling/control period.

At any time 8 can be calculated from equation (15) inte-
grated. Thus:

r,he
6, = m(tbf —¥r)e,
rohe
0, = m('l’f — ety (29)

Now:

HREREIH

Where:
’.l.";‘1 (T{l) = coordinate transformation matrix from vehi-

-1| =z
Ty [v’].,“

ta

cle reference frame to ground reference frame with orienta-
tiOH 011 (0;,) at time tl (tz)

5 Testing

To date the performance of the vehicle and its control
system have been tested by commanding motion to a new
position and accurately measuring the displacement of the
vehicle using vernier calipers. It has been found that trans-
lational motions are currently accurate to within 1% of the
commanded displacement and that no coupling between the
forward-backward motion and sideways motion is detectable.
This experiment has been repeated on various surfaces, from
glass to rubber, and similar translational accuracies have
been found despite these variations in the floor friction.

An absolute position sensor is currently being developed
to allow the position of the vehicle to be precisely sampled
during motion, enabling the tracking accuracy to be assessed.
In the absence of such a sensor, data to illustrate the capa-
bilities of the vehicle was collected using video. The motion
of the vehicle was recorded using a camera oriented verti-
cally, above the floor plane. Several maneuvers were then
instructed to the vehicle. Using a V.C.R. and television the
position and orientation of the vehicle at 10 frame (0.33 sec-
ond) intervals was traced onto a transparency, a reduction



of which is shown in Figure 10. \
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Figure 10: Position and orientation of vehicle at 0.33
second intervals during various maneuvers.

The ¢ | ’ points represent vehicle position and orientation
on the floor plane, each end of the symbol being fixed in
the vehicle. As can be seen, the vehicle was first driven for-
wards and backwards, then from side to side, demonstrating
the translational D.O.F.’s. Their decoupling is exhibited by
driving these D.O.F.’s simultaneously, resulting in the di-
agonal trajectories forming a diamond. Rotation about the
center of the symbol is then demonstrated with some ap-
parent error in locating the center of rotation in addition to
some drift of its position. Finally a circular trajectory was
commanded and here it is seen that considerable errors exist
caused by a significant drift of the center of rotation.

6 Conclusion

We have presented a method of achieving 3 D.O.F. holo-
nomic motion on a plane. A vehicle mecharism using this
method of locomotion has been designed and kinematic anal-
ysis has lead to holonomic equations of motion and the vehi-
cle Jacobian. The two translational motions are seen to be
decoupled from each other and no slip occurs during trans-
lation, thus enabling accurate position control in these two
D.O.F.’s. The third D.O.F., rotation, results in tire slip in
a direction perpendicular to the ‘tracks’ of the vehicle. The
magnitude of this slip depends only on the angular velocity
of the vehicle and the length of the tracks.

A prototype vehicle has been constructed using this de-
sign of mechanism and a control system has been imple-
mented based on the kinematics of the vehicle and a dead
reckoning algorithm. Testing of the vehicle and its controls
has revealed that holonomic omnidirectional motion is ex-
hibited and we are able to simultaneously and arbitrarily
control all three degrees of freedom. The two translational
motions are found to have a positional accuracy of within
1% and are not affected by each other or variations in floor
friction. Vehicle rotation is found to be less accurate as the
center of rotation can move from the center of the vehicle,
G, if friction varies.

Future work will be aimed at maximizing tracking accu-
racy by improving hardware and developing a more sophisti-
cated control system including a dynamic model of the vehi-
cle and backlash compensation. A position feedback system
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will be developed for highly accurate positioning relative to
interacting machinery however global absolute position sen-
sors will be avoided as they reduce the flexibility of the sys-
tem. Rather, dead reckoning, with all sensors on board, will
be used for long distance navigation and the accuracy of this
method must be maximized.

The device explained above can be considered a 3 D.O.F.
manipulator with unlimited workspace. Additional D.O.F.’s
may be incorporated by mounting a further manipulation
device on the vehicle. To mention one potential application,
we feel that the ability to accurately and easily control the
position of objects in many D.O.F’s with a workspace en-
compassing a whole factory offers significant advantages to
manufacturing industry. In particular this allows the removal
of fixed material flow paths and dedicated robotic devices as
we move toward more flexible manufacturing environments.
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